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Explaining the symmetry breaking observed in the
endofullerenes H2@C60, HF@C60, and H2O@C60†
Peter M. Felker, *a Vojtěch Vlček,a Isaac Hietanen,b Stephen FitzGerald,b
Daniel Neuhausera and Zlatko Bačić *cd
Symmetry breaking has been recently observed in the endofullerenes M@C60 (M = H2, HF, H2O),
manifesting in the splittings of the three-fold degenerate ground states of the endohedral ortho-H2,
ortho-H2O and the j = 1 level of HF. The nature of the interaction causing the symmetry breaking
is established in this study. A fragment of the solid C60 is considered, comprised of the central
C60 molecule surrounded by twelve nearest-neighbor (NN) C60 molecules. The fullerenes have either
P (major) or H (minor) orientational orderings, and are assumed to be rigid with Ih symmetry. Only the
central C60 is occupied by the guest molecule M, while the NN fullerenes are all empty. The key
proposition of the study is that the electrostatic interactions between the charge densities on the NN
C60 molecules and that on M inside the central C60 give rise to the symmetry breaking responsible for
the measured level splittings. Using this model, the M@C60 level splittings of interest are calculated
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variationally and using perturbation theory, for both the P and H orientations. Those obtained for the
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magnitudes and patterns, for all three M@C60 systems considered, pointing strongly to the quadrupolar

dominant P orientation are in excellent agreement with the experimental results, with respect to the splitting
M–NN interactions as the main cause of the symmetry breaking. The level splittings calculated for the
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H orientation are about 30 times smaller than the ones in the P orientation.

1 Introduction
Light-molecule endofullerenes are a class of supramolecular
systems where a light molecule, e.g., H2, H2O, or HF, is
encapsulated inside a fullerene cage.1 Their iconic representative
is H2@C60, where the H2 molecule is trapped in the nanoscale
cavity of C60. This entrapment was accomplished in 2005 by
Komatsu and co-workers2,3 using the approach known as molecular surgery,4–6 whereby through a series of organic reactions
the fullerene cage is first opened, the guest molecule is inserted,
and the cage is then closed with the molecule permanently in its
interior. In 2011, the molecular surgery technique was utilized to
achieve another milestone, the synthesis of H2O@C60.7 Most
recently, the same approach led to the preparation of HF@C60.8
As a result of these synthetic feats, H2@C60, H2O@C60, and
HF@C60 have become available in macroscopic quantities,
a
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enabling a wide range of spectroscopic studies of their fundamental properties.
The most distinguishing feature of the light-molecule endofullerenes M@C60 (M = H2, H2O, HF) is the highly quantum
nature of the dynamics of the guest molecule, particularly
evident for the low temperatures at which the spectroscopic
measurements on M@C60 are usually performed (typically
ranging from 1.5 K to about 30 K). Owing to the combination
of its tight confinement inside C60 and low molecular mass, the
translational center-of-mass (c.m.) degrees of freedom of M are
quantized and the eigenstates are well separated in energy
relative to kT (where k is the Boltzmann constant). The same
holds for the quantized rotational states due to the large
rotational constants of these molecules. Furthermore, the confining potential of the C60 cage couples the translational and
rotational motions of M, giving rise to a sparse translation–
rotation (TR) (or ‘‘rattling’’) energy level structure.
The quantum features of the TR dynamics are enhanced
further when M has two symmetrically equivalent 1H nuclei
(H2 and H2O) that, having nuclear spin 1/2, are fermions. According
to the Pauli principle, the total molecular wave function of M, its
spatial and spin components, must be antisymmetric with respect to
the exchange of the two fermions. This requirement can be met only
for certain combinations of the spin and spatial quantum states,
resulting in nuclear spin isomers, denoted para and ortho, of both
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H2 and H2O, with total nuclear spins I = 0 and 1, respectively.
For para-H2, only even rotational quantum numbers j are
allowed ( j = 0, 2,. . .), while ortho-H2 can only have odd rotational
quantum numbers j = 1, 3,. . .. The rotational states of H2O are
conventionally labelled with the asymmetric top quantum numbers
jkakc; for para-H2O, ka + kc has even parity, while for ortho-H2O, ka + kc
has odd parity.9 These restrictions on the rotational quantum
numbers of the spin isomers of H2 and H2O make their already
sparse TR level structure even sparser.
The quantum TR dynamics of H2 and its isotopologues in C6010
has received a great deal of scrutiny from both theoretical11–17 and
experimental studies, primarily inelastic neutron scattering (INS)18–21
and infrared (IR).14,22–24 Its salient features were established in a
series of theoretical investigations.11–15 The translational eigenstates
can be assigned with the principal quantum number n = 0, 1, 2,. . .,
of the 3D isotropic harmonic oscillator (HO) and its orbital angular
momentum quantum number l = n, n  2,. . .,1 or 0, for odd and
even n, respectively. The quantum numbers j = 0, 1, 2,. . ., of a linear
rigid rotor can be used for assigning the rotational energy levels of
the caged H2. The TR states of H2@C60 with simultaneous translational and rotational excitation exhibit vectorial coupling between
the orbital angular momentum l associated with the translational
c.m. motion of H2 and the rotational angular momentum j to give
the total angular momentum with the quantum numbers l = l + j, l +
j  1,. . .,|l  j|, and the degeneracy of 2l + 1.11 This coupling
manifests in the splitting of such TR eigenstates into as many closely
spaced levels as there are values of l, each having the degeneracy
2l + 1.11,12 The TR energy level structure of H2O@C60, determined by
means of rigorous quantum 6D calculations,25 bears many similarities to that of H2@C60, including the coupling of the orbital and
rotational angular momenta.
The link between theory and experiment for H2@C60 was
strengthened by the development of the methodology for rigorous
quantum calculation of the INS spectra of a hydrogen molecule
confined inside a nanocavity.26–28 Using this methodology, highly
realistic simulations of the INS spectra of H2 and HD in C60 have
been performed.16,17,29 They led to the unexpected discovery of
a selection rule in the INS spectroscopy of H217 and HD16
confined inside near-spherical nanocavities such as that of
C60. This selection rule, the first ever to be established for the
INS spectroscopy of discrete molecular compounds, was soon
confirmed experimentally29 and generalized.30,31
In all of the above studies of H2@C60, theoretical and
experimental, it was assumed, explicitly or tacitly, that the
endohedral H2 was inside a cage with Ih symmetry, which is
the symmetry of an isolated C60 molecule. In such an environment, the j = 1 ground state of ortho-H2 maintains the three-fold
degeneracy that it has in the gas phase. However, beginning in
2009, evidence has emerged from several lines of investigation
of solid H2@C60 employing diﬀerent experimental techniques
that this is not strictly true. From the specific heat anomaly
observed at low temperatures (below 4 K) for H2@C60, Kohama
et al.32 deduced that the j = 1 triplet of ortho-H2 is split, by about
1.13 cm1, into a lower-energy state that is non-degenerate and
a doubly degenerate higher-energy state. The lifting of the j = 1
degeneracy signals symmetry breaking of the environment felt
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by the encapsulated H2. The possibilities regarding the origins
of such symmetry lowering will be discussed shortly.
Another piece of evidence for the splitting of the ground
state of ortho-H2 is provided by the low-temperature (6 K) IR
absorption spectra of the H2@C60 powder sample.14,24 Figuring
prominently in them is the set of Q(1) transitions from the
ground state of ortho-H2 to three n = 1, j = 1 sublevels
corresponding to l = 1, 2, 0, respectively, in the order of
increasing energies. The l = 0 band is split by about 1 cm1,
reflecting directly the splitting of the initial ortho-H2 j = 1
ground state.
The symmetry breaking in H2@C60 was investigated by INS
as well,33 by studying the temperature dependence of the line
(its shape, width, and peak position) corresponding to the
transitions from the ground state of ortho-H2 to the ground
state of para-H2 (neutron energy gain), in the range 0.06–35 K.
From the analysis of the data it emerged that the j = 1 triplet of
ortho-H2 is split into a lower-energy level that is non-degenerate
and a higher-energy doubly degenerate level, separated by
1.09 cm1. Thus, three totally independent experimental techniques
have shown that the ground state of ortho-H2@C60 exhibits 1 : 2
splitting of about 1 cm1.
Symmetry breaking has been observed also in H2O@C60 and
HF@C60, where the guest molecules, H2O and HF respectively,
have permanent electric dipoles. The initial INS and nuclear
magnetic resonance (NMR) spectra of solid H2O@C6034 revealed
the splitting of the three-fold degenerate 101 ground state of
ortho-H2O into a non-degenerate lower-energy state and a doubly
degenerate higher-energy state, by about 4.8 cm1. The subsequent in-depth INS investigation using a highly purified sample
of H2O@C60 confirmed this splitting pattern, and yielded the
splitting of 4.19 cm1.35,36 For HF@C60, the symmetry breaking
manifested as the splitting of the j = 0 - j = 1 transition by
3.9 cm1, in the far- and mid-IR spectra of the polycrystalline
sample.8
The above suggests that symmetry breaking is a rule, rather
than an exception, for light-molecule endofullerenes in the
crystalline solid state, regardless of whether the endohedral
molecules have a permanent electric dipole (H2O, HF) or not
(H2). But, what is its origin, or mechanism? A couple of
possibilities has been suggested. One is that the breakdown
of the icosahedral symmetry is caused by the distortion of the
host C60 cage due to the interaction with the guest molecule in
its interior.8,33–35 An alternative is that the symmetry breaking
arises from inter-cage interactions and, when the guest molecules have a permanent electric dipole, also from dipolar
interactions between the guest molecules in neighboring C60
cages, potentially leading to the alignment of their dipoles.34,35
It is possible, of course, that both intra- and inter-cage interactions contribute to the symmetry reduction. The problem
with these and related proposals is that attempting to validate
them by comparison with the experimental findings would
require very difficult high-dimensional quantum calculations
that have not been performed so far.
In the experimental studies of the symmetry breaking in
H2@C60(s)32,33 it was postulated that this phenomenon may be
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linked to the orientational ordering of C60 molecules in the
solid at low temperatures. Above 260 K, the C60 molecules
rotate almost freely and independently of one another,37,38
and the solid has face centered cubic (fcc) symmetry. However,
at temperatures below 90 K, the C60 rotations are entirely
frozen,38 and the crystal structure is now simple cubic (sc, Pa3% ).
The C60 molecules are locked in, and coexist in, two orientationally
optimized configurations of neighboring units. In the dominant
one, referred to as the P orientation, associated with the global
minimum of the inter-cage potential, the electron-rich double
bonds shared by two hexagons (denoted 6 : 6) of one C60 unit face
directly the electron-poor pentagons of the neighboring cages.38,39
Each C60 unit has six electron-rich 6 : 6 bonds and six electrondeficient pentagons facing its twelve nearest neighbors. Thus, this
configuration is stabilized by optimizing the electrostatic interactions between the neighboring C60 units.38,39 The slightly higher
local minimum on the inter-cage potential corresponds to what is
denoted as the H orientation, where electron-rich 6 : 6 bonds of one
C60 are now immediately adjacent to the electron-poor hexagonal
faces of the neighboring units.38 Therefore, the H orientation is
also stabilized by the inter-cage electrostatic interactions. Below
90 K, and at ambient pressure, the relative proportion of molecules
in the P and H orientations is 5 : 1.38 At the intermediate temperatures below 260 K and above B90 K, the C60 molecules perform a
ratcheting motion, thermally activated jumps between the
inequivalent P and H orientations and the corresponding 60
symmetry-related orientations.
What makes the P and H orientations in C60(s) relevant for
the symmetry breaking is that in both the point-group symmetry of the environment at the center of a C60 cage is S6,32,33
which in principle can split the three-fold degeneracy of the
ground states of ortho-H2, ortho-H2O, and the j = 1 state of HF
into a non-degenerate and a doubly degenerate state. However,
for this symmetry lowering to be significant, and its consequences observable, the guest molecule inside one C60 must
have appreciable interactions with the nearest-neighbor units,
not just its own cage. But so far, the nature of this crucial
interaction has remained totally unresolved. Moreover, in the
case of dipolar fullerenes, H2O@C60 and HF@C60, an open
question is how much, if anything, the dipole–dipole interactions between the guest molecules contribute to the symmetry
breaking. Not surprisingly given this state of affairs, no attempt
has been made to calculate the symmetry-breaking induced
splittings and compare them with experiment.
In order to address the above issues quantitatively, in this
paper we resort to what in view of the complexity of the problem
is conceptually a rather minimalistic approach. Nevertheless, the
approach is intricate formally and computationally demanding –
and proves to be remarkably accurate. We consider a fragment of
C60(s) where the central cage is surrounded by the twelve nearestneighbor cages, with all the cages in either P or H orientations.
For both, the site symmetry at the center of the central C60 is S6.
Only the central cage contains the guest molecule M (M = H2,
H2O, HF), while all other cages are empty. The fragment as a
whole and the individual C60 cages are treated as rigid, and the
cages are assumed to have icosahedral symmetry.
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In our preliminary quantum-bound state calculations the
interaction between M, H2 or H2O, and the 13-C60 fragment was
represented as a sum of pairwise-additive Lennard-Jones (LJ)
potentials between the sites on M and all 780 C atoms of the
fragment. The LJ parameters were taken from our earlier
studies of H2@C6017 and H2O@C60,25 respectively. These calculations yielded splittings of the ground states of ortho-H2 and
ortho-H2O orders of magnitude smaller than the experimental
values, demonstrating that LJ interactions contribute negligibly
to the symmetry breaking. This was not particularly surprising
given the short-range nature of the LJ potentials that eﬀectively
limits their significance to the interaction of M with the central
host cage that, by assumption, has Ih symmetry and cannot
cause splittings of the rotational levels of interest.
This has led us to consider the possibility, central to this
paper, that the electrostatic interaction between the charge density
on the twelve neighboring cages and that on M encapsulated in the
central cage is the main cause of the symmetry breaking. The
reasoning behind this key conjecture is that since the electrostatic
interactions between the anisotropic electron density distributions
on the C60 cages are responsible for the existence of the P and H
orientations in the first place, and have long-range character, they
also have the potential to make a major contribution to the
symmetry breaking in endohedral fullerene solids.
For this electrostatic-interaction model, and utilizing the
fragment electronic charge density distribution from the DFT
calculations for a single C60, the splittings of the desired TR
levels of M are calculated by means of both variational calculations and perturbation theory (PT) for the P and H orientations;
they are found to diﬀer greatly for the two orientations. As
discussed later in the paper, the level splittings for the P
orientation from the variational and PT calculations are in
excellent agreement with the corresponding experimental
values for all three endofullerenes (while those obtained for
the H orientation are negligibly small). This is a most remarkable result, in view of what the model employed does not
include: (a) distortion of the central cage geometry due to the
presence of M, and (b) interactions between the guest molecules in the neighboring cages. This approach was initially
conceived and developed with H2@C60 in mind, for which
neither of these limitations was expected to introduce a significant error in the calculated level splittings, given that both
the H2–cage and H2–H2 intermolecular interactions are very
weak, the latter because of the large distance, about 19 Bohr,40
between the centers of the nearest-neighbor cages in solid C60.
However, it was by no means obvious that the model would
work so well in the case of H2O@C60 and HF@C60. The
permanent electric dipole on both endohedral molecules has
been expected to play a significant role in the symmetry breaking through either cage distortion or the cooperative dipolar
alignment, or both.8,34,35
The paper is organized as follows. In Section 2, the theory for
calculating the splittings of the TR levels of endohedral molecules inside the cages of C60(s) is presented. Theoretical results
and their comparison with experimental values are presented
and discussed in Section 3. Conclusions are given in Section 4.
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2 Theory
For the electrostatic-interaction model introduced in Section 1,
the TR Hamiltonian of M confined inside the central cage of
the thirteen-cage fragment of M@C60(s) can be written as

rNN(r) is the charge-density function of the NN cages, and rM(r)
is that of M.
The l = 0 term in eqn (2) is zero because the charge neutrality
of M renders the l = 0 molecular moment zero. All odd-l terms
in eqn (2) are also zero. This follows from the inversion
symmetry of rNN

Ĥ = T̂(R,o) + VM–C60(R,o) + VES(R,o).

rNN(r) = rNN(r),
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2.1

Hamiltonian

(1)

In eqn (1), T̂ is the kinetic-energy operator corresponding to the
TR motions of rigid M, VM–C60 is the intermolecular potential
energy surface (PES) for M in the host C60 (5D for H2 and 6D for
H2O), and VES is the electrostatic interaction between the
charge density distribution on M and that on the twelve
nearest-neighbor (NN) C60 cages that surround the central cage.
In the case of H2 and H2O, VM–C60 is defined in our previous
studies of H2@C6017 and H2O@C60,25 respectively. Both PESs
are constructed as sums of pairwise-additive LJ potentials
between the sites on M and the 60 C atoms of the cage. No
PES is presently available for HF@C60. It should be noted that
the charge density on M interacts also with that of its host C60
cage, but this interaction is already effectively accounted for by
the parametrization of the LJ potentials comprising VM–C60 in
eqn (1).
The coordinates R and o fix the c.m. position and orientation, respectively, of M with respect to (w.r.t.) a space-fixed (SF)
cartesian system. The latter has its origin at the center of the
central C60 cage and is oriented in such a way that the C3
symmetry axis of the thirteen-cage fragment is along the (1,1,1)
direction. R is the position vector from the SF origin to the c.m.
of M. o represents the collection of two (M = H2 and HF) or
three (M = H2O) angles that define the orientation of a bodyfixed (BF) axis system aﬃxed to M relative to the SF frame.
(Details pertaining to T̂ and the geometries of the M and of the
thirteen-cage fragment are given in the ESI.†)
Now VES, the M/NN–cage electrostatic interaction, arises
from two spatially separated charge density distributions.
Given this, one can write it as a sum over products of spherical
multipoles (e.g., see eqn (5), p. 247 of Zare41)
VES ¼

1 X
l
X

ðlÞ
ð1Þm Im
QðlÞ
m;

(2)

l¼0 m¼l

where the ‘‘interior’’ moments, I(l)
m , relate to the charge-density
distribution on the NN cages
ImðlÞ 

ð

ðlÞ

rNN ðrÞCm ð^rÞ
dr;
rlþ1

(3)

and the ‘‘molecular’’ moments Q(l)
m relate to the charge-density
distribution on M
ð
l ðlÞ
QðlÞ
rÞdr:
(4)
m  rM ðrÞr Cm ð^
In eqn (3) and (4) r = rr̂ is the position vector pointing from the
origin of the SF frame to some point in space, C(l)
m (r̂) are solid
harmonics dependent on the polar and azimuthal angles
defining the orientation of the unit vector r̂ w.r.t. the SF axes,
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a consequence of the S6 symmetry of the C60 fragment. The
upshot is that the leading terms in VES are those that correspond to l = 2 (the quadrupole terms) and that the next lowestorder contributions come from l = 4. Given that I(l)
m fall oﬀ with
l much more rapidly than the Q(l)
m increase with l (the relevant
1/rl+1 factors in eqn (3) correspond to r Z 7 Bohr whereas the
relevant rl factors in eqn (4) correspond to r r 2 Bohr),
truncation of VES at the quadrupole terms is an excellent
approximation:
VES ’ Vquad ðR; oÞ 

2
X

ð2Þ ð2Þ
ð1Þm Im
Qm ðR; oÞ:

(6)

m¼2

I(l)
m for l = 2 are the components of the ‘‘electric field gradient
tensor.’’41 Note that these depend solely on the cage-fragment
geometry and do not depend on either the TR coordinates of M
or its chemical identity (H2, HF, or H2O). Q(2)
m constitute the SF
components of the M’s quadrupole-moment tensor. These do
depend on R and o, as well as on the BF components of the M’s
quadrupole.
The key proposition of this paper is that Vquad in eqn (6) can
account for the observed manifestations of symmetry breaking
in all three of the M@C60 species considered here. In the
following, we will refer to this as the quadrupolar model.
2.2

The electric field gradient tensor, I(2)
m

I(2)
m depend on rNN(r), which can be determined if one knows
the positions of the twelve NN cages about the central cage and
the charge-density function of an individual C60 cage. (We
make the assumption that the charge-density function of a
C60 cage in the solid can be reasonably approximated by that of
isolated C60.)
2.2.1 C60 cage positions. The positions of the NN cages
about the central cage are available from the experimentally
determined crystallographic parameters for C60(s),42,43 if one
makes the assumption (verified experimentally for H2O@C6044)
that the unit-cell geometries found for C60(s) also apply to the
M@C60(s) species. As stated in the Introduction, the prevalent
form (85% for C60(s)) at atmospheric pressure and low temperature has the P orientation. It consists of closest-contact
interactions between the central cage and each of the NN cages
in which a 6 : 6 bond on one cage is positioned directly above a
pentagonal ring on the other. In six of these interactions the
central-cage moiety participates via a 6 : 6 bond, and in the
other six it participates via a pentagonal ring. We label the six
NN cages involved in the former interactions ‘‘equatorial’’ and
the six involved in the latter ‘‘axial’’ – see Fig. 1. The H
orientation is similar to the P orientation except that the
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Fig. 1 The 13-cage unit of the P orientation of C60(s). The central cage is
depicted in green, the six axial cages in blue and the six equatorial cages in
red.

closest-contact interactions involve 6 : 6 bonds positioned
above hexagonal rings rather than above pentagonal ones.
Analogous to the P orientation, the six NN cages that interact
with a 6 : 6 bond from the central cage are located equatorially
and the six that interact with a hexagonal ring from the central
cage are located axially. In both the P and H orientations the six
equatorial cages transform into one another by the operations
of S6, as do the six axial cages. The relevant cage-center
coordinates and cage-orientational parameters are given in
Tables S4 and S5 of the ESI.† Note, again, that we have chosen
the 13-cage fragment to be oriented w.r.t. the SF axis system
such that the C3 symmetry axis of the S6 point group lies along
the SF (1,1,1) direction.
2.2.2 The electron density of C60 cages. The electron
density of a single C60 molecule (r(e)
cage) was computed via a
first-principles DFT calculation using NWchem software45 with
a cc-PVDZ atom-centered basis set. (The C nuclear positions
that were assumed for these calculations are given in Table S3
of the ESI.†) We employed an optimally tuned range-separated
hybrid functional,46,47 in which the short- and long-range
portions of the exchange interaction are described by the local
density approximation and non-local Fock exchange, respectively.
We used a range-separation parameter of 0.21 Bohr1 that enforces
the ionization-potential theorem and minimizes erroneous orbital
delocalization of common DFT functionals.48,49 For the subsequent
analysis, the electron density was represented on a real-space,
three-dimensional grid of Ngrid = (601)3 points with equidistant
1D spacing of 0.037795 Bohr (0.02 Å).
Fig. 2 shows a cut of the calculated electron density in the
plane of one of the six-membered rings. Around the ring 6 : 6 and
6 : 5 CC bonds alternate with one another. The figure shows that
the electron density at the center of the 6 : 6 bonds is greater than
that at the center of the 6 : 5 bonds, confirming that the former are
indeed relatively electron-rich and the latter electron-poor. One can
get a semi-quantitative sense of the magnitude of the chargedistribution anisotropy that this corresponds to by computing from
the DFT results the first nonzero molecular moments of C60, which
correspond to l = 6. If one then compares these DFT moments with
ones computed for a C60 point-charge model in which negative
point charges (de) are located at the thirty 6 : 6 bond centers and
positive point charges (+2.5de) are located at the twelve pentagon
centers, one finds that d = 0.03 produces a close match.
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Fig. 2 Cut of the calculated electron density of C60 in the plane of one of
the hexagonal rings. Red-to-yellow-to-green represents decreasing density. Note the greater density in the center of the 6 : 6 bonds relative to that
in the center of the 6 : 5 bonds. The pentagonal and hexagonal faces are
relatively electron-deficient as well.

2.2.3 Evaluation of I(2)
m . With the NN–cage positions set and
the charge density for each cage determined, eqn (3) was
evaluated as follows for l = 2 for both the P and H orientations.
First, the contribution to each I(2)
m from one of the axial cages –
‘‘cage 1’’ – was computed. This was done by first translating
(through vector T) and rotating (rotation matrix R̂) the C60
nuclear positions and the corresponding grid from the DFT
calculation so as to make them coincide with the position of
cage 1 in the relevant 13-cage unit. Any given grid point, i, given
by position vector di w.r.t. a cartesian axis system fixed to the
individual C60 cage, acquires by this translation + rotation a
position vector ri w.r.t. the SF axis system such that
ri = T + R̂di.

(7)

Similarly, any given C nucleus, having position vector Di w.r.t.
the cage-fixed axes, acquires the SF position vector
Ri = T + R̂Di.

(8)

We then computed the following:
Ngrid

Imð2Þ ðcage

1Þ ’

ð2Þ
X rðeÞ
ri Þ
cage ðdi ÞCm ð^
i¼1

ri3

ð2Þ  
60
X
6Cm R^i
dV þ
;
Ri3
i¼1

(9)

where dV = (0.037795)3 Bohr3, and the factor of 6 in the second
summation comes from the individual nuclear charges. An
evaluation of eqn (9) nominally gives the full contribution from
(e)
cage 1 to I(2)
m . However, because the cubic grid on which rcage is
represented does not have the Ih symmetry of C60, we have
computed eqn (9) for all sixty symmetrically equivalent orientations of cage 1 (sixty diﬀerent R̂) obtained by rotating the cage
through all the proper rotations of the Ih point group and have
averaged the results so as to minimize any orientation anomalies due to this symmetry mismatch. We label these orientationaveraged contributions Ī(2)
m (cage 1). To obtain the contribution
of all six of the axial cages to I(2)
m we exploit symmetry. If one
labels the cage to which cage 1 is transformed by rotation by
2p/3 about the (1,1,1) SF axis as cage 2, and that to which cage
1 is transformed by rotation by +2p/3 about (1,1,1) as cage 3,
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then one can show that the orientation-averaged contributions
of cage 2 plus cage 3 to the I(2)
m are given by
ð2Þ
ð2Þ
Im ðcage 2Þ þ Im ðcage 3Þ ¼

2

X


ð2Þ
Bm;m0 þ Bm0 ;m Im0 ðcage 1Þ:

m0 ¼2

Published on 06 November 2017. Downloaded by New York University on 29/11/2017 15:44:57.

(10)
(Bm,m0 are given in Section 3.2 of the ESI.†) Similarly, if one labels
as 4, 5, and 6 the cages into which cages 1, 2 and 3 transform,
respectively, by inversion through the SF origin, then
6
X

ð2Þ
Im ðcage kÞ ¼

k¼4

3
X

ð2Þ
Im ðcage kÞ;

(11)

k¼1

where we have used the invariance of I(2)
m to inversion (see
Section 3.1 of the ESI†). Hence, the full axial-cage contribution
(cages 1 to 6) to I(2)
m is given by
Imð2Þ ðaxialÞ ¼

2
X

h
i
ð2Þ
2 dm;m0 þ Bm;m0 þ Bm0 ;m Im0 ðcage 1Þ:

(12)

m0 ¼2

Finally, an exactly analogous procedure can be applied to obtain
the contributions from the six equatorial cages to I(2)
m . One
computes the analog to eqn (9) for all 60 equivalent orientations
of a C60 cage in one of the equatorial positions – ‘‘cage 7’’ – and
averages the results to get the Ī(2)
m (cage 7). One then makes use of
the transformation properties due to rotation and inversion of
these quantities to obtain the contributions from the other five
equatorial cages. Combining these contributions to eqn (12) one
has the final result
Imð2Þ ¼

2
X

h
ih
i
ð2Þ
ð2Þ
2 dm;m0 þ Bm;m0 þ Bm0 ;m Im0 ðcage 1Þ þ Im0 ðcage 7Þ :

m0 ¼2

(13)
By this procedure we compute for both the P orientation and
the H orientation
[I(2)
m ] = A[i,(1 + i),0,(1 + i),i];

m = 2,. . .,+2. (14)

For the P orientation A = 6.809  106 a.u. For the H
orientation A = 2.307  107 a.u. Note that eqn (14) conforms
to what one expects given the S6 symmetry of both 13-cage units
(Section 3.3 of the ESI†). Note also that the internal moments
for the P orientation are more than an order-of-magnitude
larger than, and of opposite sign from, those for the H
orientation. This diﬀerence is largely due to the diﬀerent
contributions of the equatorial NN cages to I(2)
m in the two cases.
In the P orientation, the equatorial contributions (corresponding to pentagon ‘‘donation’’ from the NN cages) are about
a factor of three greater than the axial ones, and they add
constructively to the latter. In contrast, the equatorial contributions in the H orientation (corresponding to hexagon ‘‘donation’’ from the NN cages) are close in magnitude to the axial
ones, and they add destructively to them. The greater equatorial
eﬀect in the P case can be rationalized by noting that each P
equatorial cage interacts with the central cage via five electrondeficient (6 : 5) CC bonds, whereas each H equatorial cage does
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so via three electron-deficient (6 : 5) and three electron-rich
(6 : 6) CC bonds.
2.3

The molecular moments, Q(2)
m

To quantify Q(2)
m we look first to literature values for the
quadrupole moments of the molecules relative to a BF frame.
For H2 and HF, with the BF frame defined such that the origin
is at the c.m. of the molecule and z is along the internuclear
axis, the only nonzero values correspond to m = 0. Literature
values for these are 0.499 a.u. (H2)50 and 1.756 a.u. (HF).51 For
H2O, with its cartesian BF frame defined such that the origin is
at the molecule’s c.m., the z axis is along the bisector of +HOH
pointing toward the O nucleus, and the x axis is in the
molecular plane, the BF moments corresponding to m = 0,2
are nonzero. We use the following values, computed from data
in Table II of Akin-Ojo and Szalewicz:52 QBF
0 = 0.09973 a.u. and
QBF
2 = 1.53843 a.u.
The molecular moments that appear in Vquad [see eqn (6)]
have components that are referred to the SF frame. Hence, they
can depend not only on the BF quadrupole components but
also on the location of the BF frame w.r.t. the SF frame – i.e., on
R and o. One can show that
i
Xh
pﬃﬃﬃﬃﬃﬃﬃﬃ
BF
m
Qð2Þ
40pmR
Dð2Þ
m ðR; oÞ ¼
m;q ðoÞ Qq þ ð1Þ
q



X

1

1

2

m0 ;m00

m0

m00

m

!

h
i
ð1Þ
Y1;m0 ðY; FÞ Dm00 ;0 ðoÞ ;
(15)

where (R,Y,F) are the spherical coordinates associated with R,
and mẑ = ~
m is the electric-dipole vector of M, taken to lie along
the BF z axis (m can be positive or negative depending on the
choice of the BF axes). Since H2 has no dipole moment, only the
R-independent first term in eqn (15) survives for that species.
However, H2O and HF do have nonzero dipoles, and their SF
quadrupole components do depend on R. In applying eqn (15)
to H2O we use one of two values of m: m = 0.737196 a.u., an
isolated H2O value computed from data in Table II of Akin-Ojo
and Szalewicz,52 or m = 0.2 a.u., a screened dipole value taken
from Meier et al.53 For HF, since we only subject the level
structure splittings in HF@C60 to a first-order perturbationtheory analysis, there is no need (see Section 4.1 of the ESI†) to
evaluate the second term on the rhs of eqn (15).
2.4

Perturbation-theory calculations of TR level splittings

Excellent estimates for some of the TR level splittings that arise
from M–NN quadrupolar couplings can be obtained without
full 5D or 6D solution of the TR Schrödinger equation by using
degenerate first-order perturbation theory. One treats that part
of the M@C60 TR Hamiltonian apart from Vquad as the zerothorder Hamiltonian and Vquad as the perturbation. For M = H2
and H2O (and, we assume, for M = HF, too) the lowest-energy
zeroth-order states in this scheme are very well approximated as
translation/rotation product functions of the form12,15
|T0i|j,mji (for H2 and HF), |T0i|jkakc,mji for H2O,

(16)
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where |T0i is an R-dependent function corresponding to
the ground state of the c.m. translational mode, | j,mji is
a linear rigid-rotor rotational eigenstate and | jkakb,mji is a
rigid-asymmetric-top rotational eigenstate. The first-order,
quadrupole-induced splitting of a level corresponding to a
given j or jkakb can be computed by evaluating the matrix
elements of Vquad within the degenerate set of states corresponding to the (2j + 1) possible values of mj, and then
diagonalizing the matrix. By making use of eqn (15) one can
obtain analytic expressions for the level splittings.
We have applied this approach to the calculation of the
splittings of j = 1 levels in the three M@C60 species considered
herein, as it is just these splittings that have been measured by
experiment. One can show (Section 4 of the ESI†) that the three
states corresponding to such a level are always split by Vquad
into a doubly-degenerate level (g = 2) and a nondegenerate one
(g = 1), with the splitting given by
DPT  E(g = 2)  E(g = 1) = 3Af(QBF),

(17)

where A is the internal-moment quantity that appears in
eqn (14) and f (QBF) is solely a function of M’s BF quadrupole
tensor with the functional form that depends on the specific
nature of the j = 1 rotational level. For both H2 and HF
pﬃﬃﬃ
 BF 
6 BF
¼
Q ;
f Q
5 0

(18)

while for the |101i state of H2O@C60


BF

f Q

2.5



" rﬃﬃﬃ
#

3
1 BF 1 BF
BF
¼  Q0 þ Q2 þ Q2 :
5
6
2

(19)

Variational calculations of TR level structures

Going beyond PT, one can diagonalize eqn (1) using variational
methods. We have solved for the low-energy eigenstates of these
Hamiltonians by using Chebyshev54 filter diagonalization,55 an
iterative method that requires repeated Hamiltonian-on-statevector (Ĥ|ci) operations. For H2 we used a product basis consisting of functions of the form |n,l,mli | j,mji, where |n,l,mli are
three-dimensional isotropic harmonic-oscillator eigenfunctions
and | j,mji are linear-rigid-rotor eigenfunctions. (See Section 2.1.1
of the ESI† for full details on the basis.) Based on this the matrix
elements of T̂ have analytical expressions, and the required T̂|ci
operations are readily computed. To eﬀect the operation of the
potential-energy operator on |ci we transformed the state vector
into a 5D grid representation (Ra,(cos Y)b,Fc,(cos y)d,fe) 
(a,b,c,d,e). Here the (Ra,(cos Y)b,Fc)  Ra,b,c portion of the grid
spans the spherical-polar coordinates (R,Y,F) associated with R.
Ra are Gauss-associated-Laguerre quadrature points, (cos Y)b are
Gauss–Legendre quadrature points, and Fc constitute a Fourier
grid. The ((cos y)d,fe)  od,e portion of the grid spans the two
rotation angles o. (cos y)d are Gauss–Legendre quadrature points
and fe constitute a Fourier grid. (See Section 2.1.2 of the ESI† for
full details on the 5D grid.) After transformation of |ci to the
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grid, we then multiplied the state vector at each grid point by the
value of the potential energy at that grid point:


Vða; b; c; d; eÞ  VLJ Ra;b;c ; od;e
2
X

þ



ð2Þ ð2Þ
ð1Þm Im
Qm Ra;b;c ; od;e :

(20)

m¼2

Finally, the resulting vector was transformed back into the
|n,l,mli|j,mji representation.
For H2O@C60 the methodology employed was analogous to
that used for H2@C60 except that the rotational part of the basis
consisted of normalized Wigner rotation matrix elements
i

 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃh
j; mj ; k ¼ 2j þ 1=8p2 Dð jÞ ðoÞ
(21)
mj ;k
rather than | j,mji, and the rotational-angle portion of the (now)
6D grid covered the three Euler angle coordinates o  (f,y,w)
with Gauss–Legendre quadrature points (cos y)d, and Fourier
grid points fe and wf. (See Section 2.2 of the ESI† for details on
the basis and grid parameters employed for this species.)

3 Results and discussion
Table 1 shows the splittings of the ground states of ortho-H2,
ortho-H2O and the j = 1 level of HF induced by the quadrupolar
model of M–NN electrostatic interactions in eqn (6), calculated
for the P and H orientations variationally and by PT (for HF,
only PT calculations could be performed since a 5D intermolecular PES is not available for HF@C60).
One immediately notes that the splittings calculated, both
variationally and by the first-order PT, for all three species in
the P orientation are in excellent agreement with the experimental results for M@C60(s), that are also given in Table 1.
Another striking feature of the theoretical results shown in
Table 1 is that for the three M@C60(s) systems considered, the
j = 1 (or jkakc = 101, for H2O) splittings calculated for the
H orientation are about 30 times smaller than those obtained
for the P orientation, and their pattern is reversed, i.e., 2 : 1.

Table 1 Perturbation-theory-calculated (DPT) and variationally calculated
(Dvar) quadrupole-induced splittings (in cm1) of the j = 1 levels of the
endohedral H2 and HF, and the jkakc = 101 level of H2O, for the P and H
orientations. They are compared with the corresponding level splittings
(Dobs) observed in M@C60(s) samples. f (QBF) functions (in a.u.) are defined
in eqn (18) for H2 and HF, and in eqn (19) for H2O

f (QBF)

P/H

H2

0.2445

a

HF
H2O

M

DPT

Dvar

Dobs

P
H

1.096
0.037

1.096
0.037

1.09  0.1b
—

0.8603

P
H

3.86
0.13

—
—

3.9c
—

0.9475

P
H

4.25
0.14

4.15/4.22d
0.14

4.19e
—

All P splittings were calculated for A = 6.809  106 a.u. All H splittings
were calculated for A = 2.307  107 a.u. b From Mamone et al.33
c
From Krachmalnicoﬀ et al.8 d First value is for m = 0.737916 and the
second for m = 0.2 a.u. e From Goh et al.35
a
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This reflects the fact noted earlier in the paper, that for the
H orientation, the internal-moment quantity A that appears in
eqn (14), and enters in the PT expression for the level splitting
in eqn (17), is more than an order of magnitude smaller than,
and has the opposite sign from, that for the P orientation.
Important insight gained from the above is that the observed
TR level splittings in M@C60(s) systems due to symmetrybreaking come almost exclusively from the P orientation, while
the contribution from the H orientation is negligible.
In addition, for all three systems, the calculations predict
that, for the P orientation, the three-fold degenerate j = 1
(or jkakc = 101, for H2O) level of M is split into a nondegenerate lower-energy level and a doubly degenerate higher
energy level. This is in agreement with the 1 : 2 splitting pattern
observed in H2@C60(s)33 and H2O@C60(s).34–36 For HF@C60(s),
the j = 1 level splitting pattern has not been reported.8
All these calculations have employed the values of the quadrupole moments determined for the isolated H2, HF, and H2O,
respectively. A question can be raised as to whether these values
are appropriate when the molecules are inside C60, since the
fullerene cage is known to reduce the dipole moments of
the endohedral H2O53,56 and HF8 to about 25% of those for
the isolated molecules. No information, experimental or theoretical,
is available about the quadrupole moments of molecules in C60 at
present. However, it is easy to check that the ratio of the experimental splittings of the j = 1 levels of HF and ortho-H2, 3.9/1.09 =
3.58, mirrors the ratio of the BF quadrupole moments of these two
molecules, 1.756/0.499 = 3.52. In the same vein, the ratio of the
splittings measured for the 101 level of ortho-H2O and the j = 1 level
of ortho-H2, 4.19/1.09 = 3.84, is very close to the ratio of the f (QBF)
functions (that depend solely on the molecules’ BF quadrupole
tensors) of the two molecules in eqn (18) and (19), respectively,
0.9475/0.2445 = 3.875. Such direct proportionality between the level
splittings of the three endohedral molecules and their respective
quadrupole moments constitutes compelling evidence that the
quadrupolar M–NN interaction is the predominant source of the
symmetry breaking in these M@C60(s) systems.
Moreover, for all three M@C60 systems considered, our
calculations, which are free from adjustable parameters, reproduce the experimental results using the gas-phase values of the
quadrupole moments of the guest molecules (H2, HF, H2O).
This strongly suggests that the quadrupole moments of molecules inside C60 are not significantly aﬀected by the encapsulation. At present we do not have a rigorous explanation for this
intriguing observation, though it is not unthinkable that the
quadrupole polarizability of C60 might be considerably less
than the dipole polarizability. We regard this as a ripe topic
for further investigation.

4 Conclusions
We have investigated the origin of the symmetry breaking in
the endofullerenes M@C60(s) (M = H2, HF, H2O) that manifests
in the splittings of the three-fold degenerate ground states of
the endohedral ortho-H2, ortho-H2O and the j = 1 level of HF,
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ranging from about 1 cm1 for H2 to about 4 cm1 for HF and
H2O. For this purpose, we have developed a model focusing on
a fragment of solid C60, in which twelve nearest-neighbor (NN)
cages surround the central cage, and all the cages have either
the P or the H orientation. Only the central cage is occupied by
the guest molecule M, while the twelve NN cages are empty.
The proposition at the heart of the model is that the
symmetry breaking in M@C60(s) arises predominantly from the
electrostatic interactions between the charge densities on the NN
C60 cages and those on M, and that retaining just its leading
quadrupole terms suﬃces to quantitatively account for the manifestations considered in this study. The splittings of TR levels of
interest for M inside the central C60 and under the quadrupolar
interaction with the twelve NN cages have been computed for the P
and H orientations by means of variational calculations in 5D (H2)
and 6D (H2O), as well as by the first-order PT (H2, HF, and H2O).
The two methods yield very similar results.
For the P orientation, the splittings calculated in this way for
the ground states of ortho-H2, ortho-H2O and the j = 1 level of
HF agree extremely well, to within the experimental error bars,
with those measured for the corresponding M@C60(s) systems.
In addition, the calculations yield the 1 : 2 splitting patterns
observed in the experiments. It should be emphasized here that
the M–NN electrostatic interactions contain no adjustable
parameters. The electron density on the NN cages results from
a first-principles DFT calculation, and the charge density on M
is related to its BF quadrupole moments reported in the
literature. Therefore, the ability of the model to reproduce the
available experimental results with such a high accuracy provides a strong argument in favor of its central tenet that the
quadrupolar M–NN interaction is the main mechanism for the
symmetry breaking in the M@C60(s) species considered, both
for endohedral molecules without (H2) and with (H2O and HF)
permanent dipole moments. In addition, as predicted by the
model, the experimental splittings of the levels considered
scale directly with the magnitude of the quadrupole moments
of the endohedral molecules.
A very surprising result of these calculations is that for the H
orientation the symmetry-induced splittings are about a factor
of 30 smaller than the corresponding ones in the P orientation.
This striking diﬀerence can be traced back to an internalmoment quantity that in the H orientation is over an order of
magnitude smaller than in the P orientation. It follows, therefore, that the splittings of the TR levels observed in the
M@C60(s) systems of interest are associated with the P orientation, the contribution from the H orientation being negligible.
In order to appreciate fully the implications of quantitative
accuracy of the quadrupolar model introduced in this study, it
is worth reminding how simple conceptually it actually is. A
fragment consisting of just thirteen C60 molecules is considered, the individual cages are treated as rigid, and the latter are
assumed to have icosahedral symmetry. A single guest molecule
M resides in the central cage, and experiences the quadrupolar
interaction with the twelve NN cages that are unoccupied. And
yet, the results of this minimal, stripped-down model are in
quantitative agreement with the experimental values.

Phys. Chem. Chem. Phys., 2017, 19, 31274--31283 | 31281

View Article Online

PCCP

Published on 06 November 2017. Downloaded by New York University on 29/11/2017 15:44:57.

This leaves little room for the contributions from other
mechanisms for symmetry breaking in M@C60(s) that have
been implicated, e.g., distortion of the C60 geometry caused
by the interaction with the endohedral M and, when M has a
permanent electric dipole moment (HF, H2O), emergence of
dipole-ordered phases, i.e., ferroelectricity.34,57 They are likely
to be of minor significance.
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