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Chapter 1

Introduction

In the mid 20th century, prominent physics professor Philippe Von Jolly told his student Max Planck that
physics was nearing its last days as an active area of fundamental discovery, saying, “In this field, almost
everything is already discovered, and all that remains is to fill a few holes” [1]. In this regard, he was
dramatically mistaken. One of these “holes” he was referring to was the problem known as the “ultraviolet
catastrophe.” Max Planck was undaunted by Jolly’s warning, and continued to pursue a solution to this
problem. He eventually discovered that this hole could be “filled” if one assumed that energy is quantized
in discrete increments. This assumption was the first step along the path that has eventually led to the
development of modern quantum mechanics.

Today, much of what we know about physics is encompassed by the Standard Model. It successfully
encompasses the known fundamental particles and (with the exception of gravity) the interactions that govern
their behavior in a single mathematical framework [2]. The success of the Standard Model at describing
known particles and the electroweak and strong interactions is undeniable, however the questions it leaves
open are far from trivial. Learning from the past, we can recognize that these unanswered questions are
indicators of directions we can look toward to uncover unexplored physics, potentially accessing entirely new

areas of research.

1.1 Dark matter

With this in mind, let us focus on a current question that represents a major hole in modern physics
knowledge: the nature of dark matter. There are several sources of evidence supporting the existence of
a large amount of mass in the universe unaccounted for by known particles. Omne of the strongest and
most well known evidence comes from galaxy rotation curves, which have also been the source of much of
our knowledge about the density and distribution of dark matter around galaxies or galaxy clusters [2].
Experimental constraints on formerly promising theoretical candidates such as Weakly Interacting Particles

(WIMPS) have now ruled out significant portions of the well motivated parameter, leaving a large range



of potential dark matter candidates (see Ref. [2] for a review of many of these candidates and current
constraints).

One of these proposed candidates is ultralight azion-like particles (ALPs). This hypothesis places the
majority of dark matter mass in the form of spin-0 bosons with mass mgc? < 10 eV [3]. At such a low mass,
these particles would function like a classical field, which could in turn form topological defects (e.g. domain
walls) that could couple to the spins of known elementary particles, causing spin precession as if the particle
was experiencing a magnetic field [3] [4] . However unlike a true magnetic field, the relative coupling would
be different for different particles [5]. This “pseudomagnetic” effect would lead to spin precession detectable

via standard atomic physics techniques in a low-energy, tabletop experiment [4], [6].

1.2 The Global Network of Optical Magnetometers
for Exotic physics (GNOME)

The Global Network of Optical Magnetometers for Exotic physics (GNOME) is an experiment designed to
be capable of detecting this proposed “exotic spin coupling” using a network of optical magnetometers.

In an optical magnetometer, magnetic field measurements are based on observing the precession of atomic
magnetic moments. The magnetic moments due to atomic spins experience a torque in the presence of a
magnetic field, causing the spins to precess around the perpendicular field component [7]. By measuring this
precession using standard atomic physics techniques, a precise magnetic field measurement can be obtained.
Detailed information on the principles of optical magnetometry can be found in reference [7]. There are
several different types of magnetometers currently active in the GNOME network, each of which uses one
of three different types of atomic species: Rubidium, Potassium, and Cesium. Though the specific methods
vary from station to station, all magnetometers in the GNOME network do share an one important trait:
they are all vector magnetometers which are only sensitive to the projection of the magnetic field along a
sensitive axis [8].

Such an instrument is well suited for detecting topological defects in dark matter, because the spin
coupling to the exotic ALP field would result in a precession of the alkali atoms that mimics the effects of
a magnetic field [6]. By surrounding the vapor cell in multiple layers of magnetic shielding to reduce the
effects of actual magnetic fields, we can search for transient “pseudo-magnetic” signals that may represent
evidence of exotic spin interactions. The cells are additionally surrounded by multiple sets of compensation
coils allowing control over the components of the magnetic field and magnetic field gradient withing the
shields [8]. These shields do not impact the the exotic nuclear couplings for which GNOME is searching [9].

Even with the magnetic shielding and compensation coils, the data from a single magnetometer are
not free of “transient events” of perfectly mundane origin. For example, changes in laser characteristics,
fluctuations in lab temperature, physical vibrations, and electronic noise all can produce fluctuations in the

magnetic field that would not be readily distinguishable from a transient exotic interaction. For this reason,



the GNOME experiment uses a network of such magnetometer stations distributed at various locations.
Searching for correlations between multiple distant stations allows legitimate signals to be distinguished from
false positives. Employing a network of multiple magnetometers not only allows for vetoing false positives
based on coincident, but enables the collaboration to use the vector characteristic of the magnetometers (each
one is sensitive along a different direction) to gain additional information about the direction, magnitude,
and velocity of the triggering event.

The data are collected and time-stamped via GPS. The magnetic field data are sampled at a rate of
512 Hz, and the detector bandwidths are all ~ 100 Hz. These data are collected using a box designed by S.
Pustlney’s group at Jagiellonian University in Krakow, Poland, and uploaded to a server at the Helmholtz
Institute in Mainz, Germany for analysis. The stations have sensitivity on the order of 10 — 100 fT/v/Hz
[8]. In order to further improve the ability of the network to distinguish potentially relevant deviations in
the magnetic field, each station also collects “sanity” data at a 1 Hz sampling rate. This “sanity” value is a
binary value that is used to flag certain data as invalid based on known external characteristics. A “sanity
box” designed and built by a group from the University of Fribourg in Switzerland uses information from
a built-in accelerometer, magnetometer, and thermometer as well as output from important experimental
components to automatically flag the data as “insane” [8]. The data can also be manually flagged during
modifications such as laser alignment or magnetic field trimming. An important attribute of the analysis
process is the ability to successfully ignore flagged or missing data. The operating characteristics of GNOME
impose several important constraints on the characteristics of detectable events. First, the GNOME network
is searching for transient signals, present for a “brief” period as the earth passes through an astrophysical
structure of finite size. This sets GNOME apart from experiments like Cosmic Axion Spin Precession
Experiment (CASPEr) (Ref. [10]), which searches for persistent oscillatory signals. The second constraint
is the 100 Hz bandwidth and 512 Hz sampling rate of the GNOME detectors, which further limits range of
ALP masses to which GNOME is sensitive to m,c? < 0.01 neV [8]. Finally, there is an additional constraint
on the scale of the object necessary to make use of the spatially distributed network. If the structure with
finite size in all directions (e.g. soliton stars) and is smaller than the Earth, then we cannot assume that
every station will be triggered by the event and the broadly distributed network is no longer as effective.
Therefore, we assume that the structures GNOME is sensitive to are present at scales much larger than the
size of the Earth

More detailed information on the motivation and scientific goals of GNOME can be found in Ref. [6],
and a detailed description of the six magnetometers active in the early network can be found in reference
[8]. At the time of writing, an additional five magnetometers have been constructed, and one of the original
six was relocated completely. One of these new magnetometers is located at Oberlin College, details on its
operation and construction can be found in reference [11].

One of the strengths of the GNOME network is its potential for generating constraints for any type

of transient exotic spin-coupling, which encompasses a variety of theories including ultralight dark matter,



potentially locating signs of new physics without requiring prior theoretical prediction. Since so little is
known about where the answers to major questions of particle physics will come from or what form they
will take, this generality is certainly advantageous. However, preserving this generality in the analysis
mechanisms is exceedingly difficult, and the dominant strategy among the GNOME collaboration so far has
been to develop multiple analysis methods tailored to specific theories, including Refs. [12] and [13]. By
imposing further assumptions to narrow the scope of the analysis to a particular category of theoretically
motivated structures and adjusting the analysis method to suit these assumptions, we can improve the speed
and sensitivity to make a more careful search for types of signals backed by theoretical motivation. In light
of this, we at Oberlin have developed an analysis method aimed at a specific but important category of

proposed dark matter structures: soliton stars.

1.3 Soliton stars

An important subcategory of the structures that could be formed by ultra-light dark matter are soliton stars,
compact astronomical objects held together by self interactions [3]. Q-balls (or Q-stars) are a further subset
of soliton structures with promising theoretical motivation and several particularly convenient features. One
such feature is that Q-ball formation and stability is theoretically feasible for a comparatively wide range
of particle masses [14]. Another important feature is Q-balls formed from ultra-light mass particles can
potentially interact with standard model particles, particularly protons, but have not yet been ruled out
by prior experiments [14]. Another similar type of self-interacting soliton star is the “axion star”, which
is a more specific structure formed from coalescence of ALP dark matter in the early universe into bound
“clumps” as the result of a specific production mechanism [3]. Together, these hypothetical structures are
known as soliton stars, and they form an important theoretically motivated exotic search target for the
GNOME magnetometer network.

If such a structure exists, it is useful to estimate the possible duration of such a signal, which will
inform our decisions when constructing a search method. Assuming the simplest case that all dark matter
is contained in soliton stars and that the Earth travels the full diameter of the axion star, the time during
which the entire earth is within the axion start is given by:

_ 2R-2Rjp
- [

At (1.1)

where v ~ 1073 c is the the relative velocity between the solar system and virialized DM [8], Rg = 6400 km
is the radius of the Earth, and R is the radius of the axion star. Ref. [3] estimates the upper bound for R
based on the constraint that GNOME is able to detect at least 1 event within a 1 year observation period,
Rynaz ~ 108 Rg. Plugging this value into equation 1.1, we obtain t,,q. = 42x10% s or 1.4 yrs, which is clearly
not feasible as a “transient” signal in a 1 yr observation period. For a lower bound, GNOME is sensitive
to structures that exist in least one direction on a scale much larger than the earth, so the approximately

spherical soliton stars must have R >> Rp. For R = nRg, we have At ~ 40(n — 1) s. Note that if the



Earth were to actually pass through an axion star, the distance traversed would be along some chord of a
sphere with length k. If one considers k as a function of the perpendicular offset | from the parallel diameter
(i.e. how far off the actual path is from our “ideal” path), the derivative is inversely proportional to R. In
intuitive terms this simply means that as you consider larger soliton stars, there are more ways in which the
Earth can cross along a path with length £ &~ 2R. We can further quantify this estimation using Dirac’s

chord method for estimating the average chord length of a convex solid [15]

o = g (1.2)
Where V is the volume and S is the surface area. With some caveats, this equation provides the expected
path length for a particle traveling through a sphere. For a spherical axion star, this reduces to k4, = %R,
where R is the radius of the axion star. We can estimate some additional values to find a lower bound on R
using this relationship. Ultimately, for this purposes of this analysis, a reasonable concrete estimate for the
lower bound is n = 4, with At ~ 100 s. This is small compared to the estimate in [3], which puts the lower
bound at 10Rg, resulting in At ~ 400 s.

Ref. [3] describes two main methods through which the soliton stars could to couple to the spins of
elementary particles: the linear coupling and the quadratic coupling. The following is a summary of the
conducted in this reference, with the goal of understanding what type of signals we can look for, as well as
the likelihood that a coupling of this form could be detected by GNOME.

In the linear coupling model, the oscillating ALP scalar field a(7, t) is real-valued, and couples to the spin
of particle j though the Hamiltonian .

c =

Hl,j = fTSJ . ﬁa (13)
2]

where j = n, p, or e corresponds respectively to neutron, proton, or electron, f; ; is related to the coupling
constant with particle j, and gj is the spin of particle j. In this model, the time dependence of the oscillatory
field a(7,¢) is maintained in the Hamiltonian 1.3, the result of which is that atomic spins with the axion
star will experience an oscillating energy shift. This detected signal would be represented in the form of an
oscillating burst detectable while the station is within the interior of the soliton star, which should make
this model a strong candidate for detection by GNOME. However, under the conditions considered in [3]
(mean free path for terrestrial encounters L = 1073 ly, relative velocity v = 10~3¢, and radius R = 10Rg),
the region of linear coupling parameter space accessible to the current version of the GNOME network is
ruled out by astrophysical constraints (assuming the number density is such that the encounter rate with
the Earth is one per year). If the network is fully upgraded to the “Advanced GNOME” co-magnetometers
sensitive to neutron coupling, then there remains regions of the accessible parameter space that are still
unconstrained.

The second model considered in Ref. [3] is the quadratic coupling model, which is a necessary modification
to predict a feasible Hamiltonian in the case of a complex scalar axion field (e.g. of the form a(7,t) = ¢(7)e“?,

such as that proposed in Ref. [14]. There are two important versions of this quadratic Hamiltonian described



in Ref. [3]. The first one is

fie - . .
H, = TCS]' -1 (a*Va — (Va*)a) (1.4)
q,J
and the second is
he - -
Hyj = - S; - i|Val? (1.5)
q.J

where f, ; is related to the quadratic coupling constant with particle j [3]. However, if the axion scalar

field a is complex, then the time-varying component of a and ﬁa, eiwt

, will cancel out due to the factor
a*Va — (ﬁa*) in equation 1.4 and |§a|2 in equation 1.5, resulting in a signal which only couples to the spin
as the Earth crosses the boundaries entering and exiting the wall, making this type of analysis better suited
for short transient detection methods such as the one developed to search the GNOME data for domain
walls described in Ref. [12]. On the other hand, if the complex field in the quadratic Hamiltonian is replaced

with the real-valued oscillating field used in the linear Hamiltonian, equation 1.5 takes the form

h - —
Hy;=-5-S;-iVa? . (1.6)
q,J

However, this circumstance is not as well motivated and has not yet been subjected to additional analysis.
Nevertheless, with so little known about these hypothetical structures, it can be argued that the important
characteristics of this signal (an oscillatory burst with duration on the order of 100 s or longer) are still
sufficiently generic to motivate a specific analysis program, which can be adapted to meet the specific needs

of other models as needed in the future.



Chapter 2

The analysis method

The analysis method is divided into two stages: The coincidence and the consistency check. In addition to
the assumptions imposed by the network, this analysis method imposes an additional four key assumptions.
First, that the signal will specifically take the form of an oscillatory burst, as predicted for a model of
from a quadratic coupling with a real coefficient [3]. The most important implication of this assumption
is that we expect the burst to endure for the entire period that the Earth is inside the soliton star. This
is related to the second main assumption, that a soliton star is much larger than the Earth, so that the
entire Earth is inside the soliton star at some point, and oscillating transient signal is “long” enough that
we do not have to worry about taking into account delayed signal times due to the finite velocity of the
Earth passing through the soliton star. At some point, if the entire earth is contained in the soliton star,
all signals will be experiencing a signal at the same time, for a duration = 100 s which from equation 1.1
corresponds roughly to a soliton star radius R 2 4Rpg, a reasonable lower bound for satisfaction of the
condition R >> Rpg. The third assumption is that the exotic spin couplings of the different atomic species
used in different magnetometers are approximately the same, and are not taken into account when predicting
the relative magnetometer amplitudes. This is justified for the electron coupling based on the predictions
in Ref. [8], where the electron coupling scaling factor is expected to be = 0.5 the same for all of the listed
magnetometer types. However, the proton coupling is not similarly constant, and with the addition of more
magnetometer types to the network since [8] was published, this should be be reevaluated and accounted for
in subsequent improvements. The fourth and final assumption states that while the different atomic species
do not impact the relative amplitudes we expect to measure in each magnetometer, the direction from which
the event propagates does. Recall that each of the GNOME vector magnetometers can only detect events
along a specific sensitive axis. This means that the expected signal measurement in each detector depends on
the relative orientation between this sensitive axis and the propagation direction of the event, an important
idea that is explored in more detail in section 2.2.2.

The analysis method was designed with these assumptions in mind. Further restrictions are imposed as



necessary. The result incorporates aspects of analysis methods described in Refs. [13] and [12]. The analysis
in Ref. [13] searches specifically for Exotic Light Fields (ELFs) accompanying known astrophysical events.
Since the times of interest are localized in specific a window around the observed event, this analysis can
search for signals by comparing the time series within a specific window to portions of the time series outside
of the window, where it is assumed that there are no true events. The analysis in Ref. [12] is geared toward
shorter transient signals such as those caused by a domain wall or soliton star envelope, and therefore cannot
make use of the assumption that the signal will be present in every station at once, and instead must take
into account the time delay as structure propagates a finite velocity to interact with the different stations.
The search technique developed here can be applied more broadly than the single window search of the

former, but is faster than the more general latter.

2.1 Stage 1: the excess power coincidence search

The goal of the first stage is to locate in each individual station any transient oscillatory signals that
could represent an “event” where the Earth passes through a soliton star. Potential events then undergo
a coincidence check to determine if a similar signal was located at the same time and frequency in at least
three other stations in the network. Events that pass the coincidence check are sent to the second stage.
For each magnetometer in the network, the analysis must first locate transient signals that deviate from
the typical noise of the detector. For a single detector, the range of accessible signals is constrained by the
network (a transient signal < 100 Hz), and the soliton star assumptions (an oscillatory burst with duration
2> 50 s). The first stage analysis aims to effectively locate signals while limiting the number of additional
assumptions which must be imposed. For this reason, we have implemented a search based on the Excess
Power (EP) statistic. Our implementation of this method was inspired by the LIGO analysis described in
Ref. [16]. This statistic can be calculated relatively easily (section 2.1.1), is well characterized statistically
(section 2.1.1), and was demonstrated in Ref.[16] to be the optimal search method in the case of an unknown

waveform, making it a strong choice for our initial analysis stage.
2.1.1 Calculating the Excess Power Statistic
Consider a time series of n magnetic field samples
a; :6]'""1{1'7 (2.1)

where a; is the measured value in pT, ¢; is a transient oscillatory signal due to the earth passing through
a soliton star, and ﬁj is noise. Note that the notation of using the tilde for the time series data is opposite
from what is typically used in literature. This was done for the purpose of visual clarity, since the frequency
domain values are used almost exclusively for the remainder of the analysis. For the purposes of breaking

down the analysis method, assume that this noise is a random variable from a Gaussian distribution with

10



mean (h;) = 0 and standard deviation o = 1. We first divide the time series into n; time segments consisting
of N samples each. Fourier transforming each segments gives a set of frequency channels, with value ay; at
time segment j and frequency channel k given by the equation

2jN—1

dy = Y e (2.2)

m=jN

From this, we define the (one-sided) power spectral density (PSD) for a single time frequency tile (4, k) as:

1 N
T = 33 (law;|* + |a(N_k),j|2) for k ranging from 0 to 5 +1 (2.3)
2
= m|akj|2 since the time series is real valued (2.4)

where the leading term ﬁ normalizes the sum according to the convention suggested from in Ref. [17] so

that for each time segment the sum over all the frequency values is equal to the mean-square amplitude of

the time series (within that segment of time), i.e. for time segment j,

1 2jN—1 9 N/2+1
~2 12
N Z:Zj]v a;, = ﬁ kzio |(1kj| . (25)

Note that this value has units of pT? rather than pT?/Hz, and so by some conventions (for example the
python spectrogram function documentation) should actually be referred to as a Power Spectrum (PS)
rather than a true Power Spectral Density. However, the terms are often used interchangeably elsewhere (for
example in Refs. [16] and [18], and other pages of the scipy documentation), and since the difference lies in a
normalization factor that cancels out in calculating the excess power statistic, the distinction is not relevant
at this stage of the analysis. For each frequency band k, we calculate the time averaged PSD (z;). Now all

the pieces are in place to calculate the excess power statistic ex; for each (frequency, time) tile (k, 7):

(2.6)

By “normalizing” the PSD value of each time-frequency block based on the average PSD at that frequency,
we can eliminate the effects of signals that we consider part of the “typical” noise of the detector, such as the
50 or 60 Hz line frequency present on all of the GNOME detectors. Since these signals are present for the
entire time duration, they will be canceled out. Transient signals of the type we are searching for will have
smaller effects on the average value (the shorter the signal compared to the total time, the less be effected),
and so transient signals that are not part of typical detector noise will retain their “excess power.” This
process is illustrated in an exaggerated manner in figure 2.1.

To understand how the value of € can be interpreted quantitatively, it is illuminating to first expand this

statistic into the individual signal and noise components. Since the Fourier transform of the signal plus noise
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Figure 2.1: A “cartoon” deconstruction of a time series with an injected 30 Hz oscillating signal beginning
at 500 s and lasting 100 s total, demonstrating how the excess power statistic is calculated. First, the
magnetic field time series is broken into segments of width 0t (vertical dashed lines). Each of these segments
is decomposed in to its constituent frequency components (dashed horizontal lines). Together this process
creates a spectrogram, a grid of time-frequency tiles with a PSD value for each tile. To normalize the
spectrogram, the average PSD is calculated for each frequency channel, then each time tile within the
corresponding frequency band is divided by this value. This eliminates signals that otherwise have large
PSD values (such as the 60 Hz line frequency), while leaving the power in transient signals such as the

injected 30 Hz burst starting at 500 seconds shown in this example.

is simply the sum of the two components, we can reduce equation 2.2 to
Qkj = Ckj + Nkj (2.7)

= laws[* = lews|* + [hs* + 2R (ki ens) (2.8)

2 (Jews [ + g ? + 2R(hf ) )

= Ekj = 1 ng—1 12 ng—1 h 12 2 nt—1§R h* . :
nt(ijo leks| +Zj:0 s[> + ijo ( kjckj))
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Assume that in a given frequency channel, there is a constant signal with complex constant Fourier compo-
nents ¢, = u + v present in n, < n; segments, and the signal has an amplitude |cg;| = C that is equal in
all segments j where the signal is present. The noise Fourier components hj; can be similarly represented
as a complex number of the form hy; = pr; + iqr;, however instead of constants, pr; and g; are Gaussian
distributed random variables, with means (p;)r = (g;)x = 0 [19]. We can rewrite 2.9 as
2 (C? + |hus|* + 2(upk; + vau;))
me (€2 4 2u(E S5 pag) + 200 555t an)) + 25 50 e
2(C? + | hys[* + 2(upr; + vqr;))
72 (C% + 2(ulpj)k + v(gj)n) + (7]

_2(C? + [y + 2(upr; + var;)) (2.12)
B R |

(2.10)

ij ~
2

Q

(2.11)

If no signal is present, then ¢, = 0 for all time segments j and frequency channels k, and Eqn. 2.9 reduces

to
o — 2|hys |
TPk

note that for this case, we expect that the average value (ey;) = 2. Assuming that our original time series

(2.13)

values ﬁj are Gaussian random noise with mean value 0 and standard deviation o = 1, then the their values
Fourier transformed keep these properties [17]. The normalized PSD values are therefore the squares of
Gaussian random variables, which means that they are distributed as a x? distribution, in this case with 2
degrees of freedom [20] [16]. Note that in the description in Ref. [20], the ‘sum’ of squares with one Gaussian
random variable should give a distribution with 1 degree of freedom. The extra factor of 2 is added to the
value of € in equation 2.6, and is related to the original time series: for a ‘tile’ with time segment width
dt s and frequency channel width § f = 1/§¢ Hz, the information in the tile can be minimally represented by
a time series with sampling rate 20 f, so the minimum number of time series points needed to represent a
single tile in this case is (25 f)dt = 2 [16]. To be consistent with the derived statistic in Ref. [16], we have
included the extra factor of 2 in Eqn. 2.6. Expanding this idea to summing over multiple time segments or

frequency channels, the average value becomes

al 1'\21 hyxl?
(€) =2 <Z (W) > (2.14)

k=1
2N Ny(|hjxl*)
== R (2.15)
(k%)
_ 2ATAF (2.16)
O Otef ’
= 2ATAF | (2.17)

where Ny is the number of frequency channels summed to make one tile, V¢ is the number of time segments
summed in one tile, AT is the time length of each summed tile, and AF is the frequency width of each tile.

This is once again a sum of squares of N;N;, Gaussian random variables (times a factor of 2), and thus also

follows a x? distribution with 2N;N; = 2AFAT degrees of freedom.
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We have now shown that, if we assume that the noise on our detector is Gaussian, then the results of
equation 2.6 from each tile should follow a x? distribution with 2V = 2AFAT degrees of freedom. The
resulting probability distribution function (from Ref. [20]) is

2V—1lp—/2

Ty (2.18)

% (z,V) =

where .
(V) :/ 2V e %dx .
0

From this, we can assign for a given measured value of €, a numerical probability that that value was measured
from a time series only containing noise. The probability of measuring excess power € that is greater or equal

to some value €* is (from Ref. [16])

(e > ¢ / fre(x, V)d (2.19)

2V—1le—2/2

This value provides a quantitative method of determining how much power qualifies as “excess power:” in a
single station. We set a threshold value €* based on the desired false positive rate, and pass only events with
excess power € > €*. The theoretical and actual curves are compared in figures 2.2 and 3.2. Now that we
know the probability of measuring a particular excess power in a tile, we can set an excess power threshold
e* and flag only events with excess power above the threshold.

Now that that we have a quantitative methods of estimating the false positives probability for a single
station, we need a method of estimating the false negative probability. Define the sensitivity level as the
minimum signal size that produces significant excess power, i.e. the signal power |c; |2 needed to produce a
value of €;; > €* for a given value of ¢*. In order maximize the sensitivity, we must minimize this level by
ensuring that for a given signal size, the value of € resulting from the signal is as large as possible. Returning

to equation 2.12, notice that one clear way by which this can be accomplished is by minimizing the ratio

ns
nf

. approaches The method used to accomplish this is discussed in section 2.1.1, but for now, note that as

ns
n

— 0, Eqn. 2.12 approaches

2(C? + |k + R(B 4cjn))

ik — (2.21)
! (IR
2(C? + R(h% ,.c; 2| hys |2
_ 2O ROG0) | 2l o
(17 *) (7 *)x
From which we can calculate the mean value (eg;) as
202
(e = o 42 (2:23)
T (R )
=2(A%+1), (2.24)

where A? is the signal to noise ratio of the PSD values. While a formal proof is beyond the scope of this

thesis, it is explained in Refs. [16] and [19] that the values of this distribution, with a signal present, are
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Figure 2.2: Theoretical and experimental false positive rates vs. excess power threshold for a single iteration
of the excess power coincidence search. The solid curves are the theoretical values from combining equations
2.20 and 2.27, assuming, with 9 active stations and a 3-fold coincidence. The solid points are the average
fractional false positives for 5 consecutive 2000 s windows of real time-shifted data. The unfilled circles are
the average fractional false positives for 5 consecutive 2000 s windows of simulated Gaussian data with mean
0 and standard deviation 1, emulating the ideal case from which equation 2.20 was derived. This graph is the

same figure as 3.3, plotted on a linear scale to highlight the overall agreement between the real, Gaussian,
and theoretical data.

distributed as a non-central x? distribution, with non-centrality parameter A% [16]. This distribution has an
approximate closed form solution [16]

V-1
1 2
fr2(e, A2 V) = 5@*<6+2A )/2 (, /222) TIy_1(V2A2) (2.25)

where Iy _; is a modified Bessel function of the first kind described in Ref. [19]. The probability of measuring
€ > ¢* with a signal with power spectrum SNR A2 is given by integrating equation 2.25

inf
P(e > €*|A?) = / frz(2, A%, V)da . (2.26)

Both theoretical and experimental (using Gaussian data) plots of A% vs. detection probability are shown in
figure 3.6.

This method only becomes practical once we expand the scope of the search to multiple detectors. This
introduces a new element to the analysis: the coincidence check. After calculating excess power for each
station individually, we look for coincidences were at least N, stations demonstrate excess power € > €*
in the same time/frequency tile. Assumption 2 comes into play at this stage; because we are looking for

“long” signals on the order of 100 s, we can assume that there will be at least one tile’s worth of time where
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the signals experienced by the different stations overlap, and so it is possible to ignore the finite velocity
with which the event would propagate across the Earth. This in turn allows this analysis method to be
simpler and faster in comparison to the more general search technique described in Ref. [12], which requires
scanning over the space of possible velocities. By including the requirement of N, fold coincidence out of
Ng; stations, we must reevaluate the calculation of false positive probability associated with excess power
cutoff €*. For each station, the probability of measuring excess power € > €* is given by P from Eqn. 2.20,

so the probability Py, (e*) in measuring excess power in at least N, stations out of Ny, is given by:

Nt
Py (€)=Y (A}lt> PF(1 — p)Nst=F (2.27)

k=N,
Using this value, we can set a threshold €* so that we obtain the desired false positive and false negative

rate.

Implementation

Implementing this theoretical statistic requires a few additional tricks and considerations. The actual excess
power process is outlined in the flow chart in figure 2.3. To begin the excess power test, we create a
spectrogram with tiles of dimension ¢fdt. The Oth channel is then discarded, since frequencies in this
channel have oscillation period longer than the width of a segment, and thus the PSD is not accurately
estimated. In this initial spectrogram (Fig 2.7), signals such as 60 Hz noise (in the American stations) are
distinctly visible. The next step is to “normalize” the spectrogram by averaging over all time segments in
each frequency channel, and dividing each tile by the average, producing an array of tiles with time frequency
volume 0td f, with each tile described by:

2kN;—1 2jNy—1

€rj =2 zf: (W) (2.28)

I=kN; \ ¢ 2o lami|
where Ny is the number of frequency channels per tile, V; is the number of segments per tile, and n, is the
total number of time segments.

The next step is to sum together IV; time segments and Ny frequency channels to produce an array of
tiles with time-frequency dimensions Ny * 6t = AT by Ny x0f = AF. In the time domain, creating a tile
by summing multiple time segments is advantageous in reducing the number of tiles over which the signal is
spread out. Averaging these tiles after the excess power also reduces the uncertainly in the measurement of
un-normalized tile power xy;, which is essential during the second stage (see section 3.2).

It is not immediately evident why one would want to sum frequency channels (not average, since we need
to preserve the definition of PSD from equation 2.5 [17]), since this reduces the frequency resolution without
the apparent corresponding improvement in signal accuracy (since the signal is expected to be different in
adjacent frequencies, but roughly the same in adjacent tiles). The benefit of summing adjacent frequency

tiles is the resulting reduction in the effects of spectral leakage. Spectral leakage is described in detail in Ref
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[17], the essential issue is that when estimating a PSD of a finite set of data, the power produced in a given
frequency channel is actually based on the convolution of the ideal, continuous PSD that would be obtained
from an infinitely long time series and the PSD of the window used to truncate the ‘infinite’ data into the
finite time segment.

The implication of this process is that for each frequency bin k, the primary contribution to the PSD
value is from frequency fr = kJf, with additional significant contributions from frequencies in the range
fx — 0f/2 through fr + df/2, and much smaller contributions from all other frequencies f that are not
integer multiples of J f, with this contribution decreasing as the difference |fi — f| increases. As suggested
in Ref. [17], spectral leakage from a particular frequency into “far away” tiles can be reduced by changing
the window function, which broadens the central peak while reducing external leakage. This was deemed
unnecessary for our current analysis, because the issue we have primarily encountered is not the excess
leakage from signals outside of the desired bandwidth (which would still qualify as a valid coincidence), but
loss of signals that span multiple tiles. To correct for this issue, we sum frequency tiles in two separate
spectrograms: the “up” spectrogram (throwing out channel 0 and summing tiles 1 and 2, 3 and 4, etc.) and
the “down” spectrogram (summing tiles 0 and 1, 2 and 3, 4 and 5, etc.).

We then set the desired false positive probability, and calculate the corresponding excess power cutoff
€* from equation 2.27. Using this cutoff, we create a 2 new “binary spectrograms” for each station (one for
“up” and one for “down”), with the excess power values replaced with 1’s and 0’s corresponding to values
over or under the threshold, respectively. The next step is to simply add the spectrograms from each station
together, as in the two bottom left graph in figure 2.8. For any tile with time frequency value greater than
or equal to 3, we know that at least 3 stations had excess power at that same time and frequency, and the
potential event is flagged and ready to be passed to the next stage.

Once this is complete, the result is a collection of normalized time-frequency tiles with values given by
equation 2.12. The next step, therefore, is to maximize the sensitivity by reducing this equation to equation
2.22. Note that for the first excess power calculation described above, the sensitivity is limited by the length
of the signal. The shorter the signal duration is compared to the total length of the time series, the smaller
the ratio Z—t becomes. The simplest way to improve sensitivity, therefore, is to increase the total duration of
the time series window, assuming you are not including any new signals by doing so. This upper limit would
depend on how frequently we can expect to see signals, which is estimated in Ref. [3]. However, there is
another important factor that places an upper limit on the total length of time that can be analyzed at once.
The excess power analysis hinges on the idea that the station noise is stationary. If this is not true, and the
noise changes with time, then the average value over the whole time series is no longer a good approximation
of the noise value at any single point, and so the noise will not be properly normalized in equation 2.6.
On short time scales of < 2000 s, the noise on the stations can be reasonably approximated as stationary,
however on longer time scales, this assumption begins to break down. This trade-off between access to longer

signals and maintaining stationary noise imposes limits on how we can improve the sensitivity by changing
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the total time analyzed.

To partially circumvent this trade-off, we perform a trick that reduces the value of Z—; without increasing
the value of n: instead of increasing n; (by increasing n), we decrease ns. This may seem strange, since, if we
fix N, ng is not a value that is actually under the experimenter’s direct control. This is true for the first time
we run the excess power check, where we are limited by equation 2.9. However, we then implement a series
of loops. After going through the full coincidence check once, we can flag all tiles with € > €* coincidence in
N, stations and repeat the process, ignoring these flagged tiles when calculating the average value. As long
as at least one signal tile was flagged with excess power on the first try, n, will decrease, and the sensitivity
for the next loop is improved. We can also set a more relaxed false positive rate for the early tests to ensure
that some tiles are flagged, then push the cutoff back up to 50 for the last loop. The process is repeated
until there is no chance in the number of tiles flagged, ideally indicating that the value of Z—t has gone to 0,
and leaving a grid of tiles with excess power that is reasonably approximated by equation 2.22.

Once the final loop has finished, we are left with two sets of flagged events, one for “up” and one for
“down”. We then average the summed time tiles to produce a final set of 2Ng; spectrograms with tile values
given by:

(k+1)Ns—1 [(j+1)N;—1

4
Thi = N N2 > S lamil* | (2:29)

m=FkN; i=j Ny
We then use the events to recalculate the masked average one final time. However this time, instead of
dividing by the masked average, we subtract the average values in preparation for the consistency check,

resulting in another set of 2Nt spectrograms with tiles described by

4 (k‘+1)Nf71 1
_ o 2
ki = ki T N N Z (ne —ns) Z e (2:30)
m=kNy ¢ Jk
4 (k+1)Ng—1
=TT N, N? Z {17251 (2:31)
m:ka
~ag; — NpH (2.32)

where Jj is the set of time indices j in row k& where potential events were flagged by the final coincidence
check, and H is the resulting average PSD value of the tile noise. On the real stations, the noise power will
differ significantly based on the station. The extra factor of two is introduced so that the result is converted
from rms amplitude squared to amplitude squared (the square of 1/2 the peak to peak difference of the
oscillating signal) so that when simulated bursts are injected, the output Z and § values can be compared at
a glance to the expected values from the injected signals (the rms values differ by a factor of 2, so this decision
has no impact on the actual experimental results). By subtracting the average value (calculated excluding
tiles with flagged events), we can remove these differing offsets from each station value. This allows us to
safely assume that these PSD values measured from every station are measured from the same 0 baseline,

an assumption that is critical to the validity of the upcoming consistency check. Any values with s; > 0 pT
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are set to sg; = 0 pT, which is permissible since values with power smaller than the average power could not
contain detectable events with C? > 0. This process is summarized in the flow chart in figure 2.3, and an
example product of each stage shown in figures 2.7 through 2.9. The resulting spectrograms and a record of

which tiles contain potential events is then passed on to the seconds analysis stage.

2.1.2 Calculating uncertainties

The final step of the first stage is to associate an uncertainty value with each PSD measurement. Note that
because of the cross term in equation 2.8, the component of measured value that fluctuates due to noise (and
thus the desired uncertainty value) depends on the strength of the signal C2. If we truly has Gaussian noise
that was identical in every frequency band, then when no tiles are summed, then the equation for the best

estimate in the PSD tile value is derived in Ref. [18] as

Jsi; = \/QNbUkaj — (Nbo?)? (2.33)

where N is the PSD length, b = % is the PSD normalization term, and o is the standard deviation of
the original time series. To understand the structure of this equation, note that for a normally distributed
random variable h, the expected value (|h|?) = 0%, So for tile with no signal present, the average value is

approximately Nbo? [18]. So for xy; = blhy;|? =~ b{|h;k|?) ~ Nbo?, equation 2.33 reduces to
§s; = Nbo? . (2.34)

We can generalize this estimate to frequency dependent non-Gaussian noise by using the same structure, but
estimating an experimental value of Nbo? using the tiles in the same frequency band that do not contain

JI(CPSD), where o(FSD) ig the standard deviation of the PSD

a flagged signal. So we assume that Nbo? ~
values z; in the frequency band k, excluding any tiles flagged by the excess power coincidence check. The

new estimate becomes

0skj = \/2 (U](CPSD)> Ty — (UI(CPSD))Q . (2.35)

When including the effects of summing time and frequency tiles, this equation becomes

Zkj (PSD)\?
Souy = 2 (A7) B (orSDY7. 2.6
+ \/ k JN N, \F (2.36)
Note that equating the expected uncertainty with the expected average value in the absence of a signal is

only valid when no tiles are summed. As the number of time tiles summed increases, the uncertainty dy;

1

decreases by a factor of it

but the overall average value remains constant.

2.2 Stage 2: the consistency check

The second stage of the analysis is made possible due to the 4th soliton star assumption, that the soliton

star signal can be described (up to on overall sign) as a three dimensional vector m = (mg,m,, m,), with
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Figure 2.3: A flow chart representing the first stage of the analysis method, the excess power coincidence

check.

magnitude equal to the oscillation amplitude (C) and direction relative to a coordinate axis fixed relative to
the center of the earth (see figure 2.4). The important implication of this assumption is that the PSD value
measured from each station depends on both the magnitude and the direction of the incident signal. Recall
that the optical magnetometers that make up the GNOME network are vector magnetometers, sensitive

only to magnetic field components along a particular axis.

2.2.1 Constructing the potential event vectors

The results from the first analysis stage provide three important sets of values. For each station, there are
two S = [sg, ;] spectrograms, which contain the PSD values with the mean subtracted and negative values
set to 0 (from Eqn. 2.32, and two X = [zy;] spectrograms, with the raw PSD values (from Eqn. 2.29). The
third is a list of (j, k) coordinate pairs of the (time, frequency) tiles that were flagged by the excess power

20



coincidence check as potential events.
Consider the case of a single event flagged in tile (j, k). Using the above values, we can construct a vector

of the relative event amplitudes from each station:

S1 + 681

|
I

SN + 68Nst

where s; is the subtracted PSD value from station 4, and Js; is the uncertainty calculated via equation 2.35.

2.2.2 Checking for directional consistency

To check for directional consistency, we use a x? test adapted from the the suggestion proposed by GNOME
collaborator Joey Smiga in Ref. [21]. Each vector magnetometer i has a single sensitive direction, which can
be represented by 3 dimensional unit vector cii = (dl(-m), dl(-y)7 dZ(-Z)). The components of this vector are in turn
measured with respect to the fixed coordinate system shown in figure 2.4, which is defined relative to the
center of the earth with the the +2 direction pointing up through the north pole. For an event propagating

as m, the expected value u; measured in station ¢ can be represented by the linear equation
G @) (v) (=)
i =di-m=d; " 'mg+d;"my, +d""m, . (2.37)

We can combine the unit vectors d; into the rows of a single matrix D, and the expected values p; into a

single vector fi. The resulting equation for ji as a function of the event m is

di di di
Mg
f(m)=Dm=|d* d d? my | - (2.38)
m;

di dy dy

Now consider the vector of Ng; measured values d@. If the event described by @ is a true event, then there

—

must exist some 3-d vector m such that fi(m) ~ d@. For a measured value of @, we can solve for the value of

— —

m that gives the closest approximation ji ~ @ by minimizing the x? value [21]

N
207 — X (pa(mm) — ag)?
(m) = ; e (2.39)

This equation has a simple analytic solution which can be found by zeroing the gradient equation 2.39 with
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respect to the components of m. Setting ﬁmz,my,mz 2(m) = 0 and simplifying results in the equation
1 1
T . - T . -
o (e { e ) =2 (e e )
= DTA2Dm = DTA?q , (2.40)
where the N,; x N,; diagonal matrix A~2 = diag {ﬁ} Rearrange equation 2.40 to get the final result
m = (DTAT2D)"'DTA™%G . (2.41)

Note that if we group the elements of the matrix D by column rather than row, we can obtain a different

geometric interpretation of our original equation for i,

i di di\ (m,
i) =pi=| i i | |m|=(X ¥ Z)m.
dg  d% di) \m-

Tllustrated in figure 2.4, these columns correspond to the Ny dimensional vectors representing expected
events incident along the &, ¢, and 2 directions, forming a basis for the 3 dimensional subspace A C RNst of

possible events. If we assume that (da;)? is constant for all 7, then equation 2.40 becomes:
D'Dmi = D"a
=m=(DTD)"'DTq
= Dm = D(D'D)"'D'a
= i = Ppa,

where Pp = D(DTD)~!1DT is the projection matrix for the subspace A. This means that the value of
fi(m) produces as a result of the x? minimization procedure can be intuitively interpreted as the weighted
projection of the measured event vector into the space of possible events. The square 3 matrix (D7 D) is
also symmetric and invertible, “nice” properties that allow for computational shortcuts [22].

There is one significant problem with this method. A vector s of measured values passed down from
the first analysis stage consists of PSD values, which are related to the square of the desired value (i.e.
S~ (ciZ -m)? for 1 < i < Ng). If we are limited to the PSD vector § as defined in equation 2.32, we can
construct a vector with components a; = /s, which are correct up to a sign for each component. Since the

2Nst=1 42 yalues for each of the distinct

overall vector is defined up to a sign, for each event we must calculate
sign combinations for the components of @. It is likely possible to use nonlinear optimization methods to
minimize equation 2.39 using s; instead of a; and redefining (1) = (d; - 1)2, however such a solution no

longer presents the intuitive interpretation presented by the linear version, and so is left for future work.

2.2.3 The p value check

To assess the agreement between the measured vector @ and the “closest” possible signal ji(1), we can plug

the value of m calculated from equation 2.41 back into the x? equation 2.39, to obtain a x? value for the
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event. These values should follow a x2 distribution with v = N, — 3 degrees of freedom. From this value,
we can use the cumulative x? distribution (as in equation 2.19) to calculate the probability Py2 of obtaining
a x? value greater than or equal to the value obtained given Ny — 3 degrees of freedom. In other words, it
is the probability of measuring a signal @ due to noise with standard deviation Sa on the vector i(m). We
can then set a cutoff value p*, accepting only events with p,> > p*. This leaves us with a false negative

probability of p* [21].

2.2.4 The magnitude check

The p value helps us quantitatively veto inconsistent events, however there is a hole in this process that must
be closed by a final additional check. The event ji(m) = 0 is still technically a consistent event, and so any
events that managed to pass through the excess power check that are still consistent with the noise on the
station (which is more likely to be an issue when the noise is non-stationary) would not be caught by the
excess power check or the p value check. The third check imposes a threshold on the magnitude m = ||mi||

of the calculated m vector. The uncertainty on m is given by [21]

1 1
odm = —\/mT (DTA-2D n . 2.42
m= —\fiil ( )i (2.2

With the value m 4+ dm for each event, we can set a threshold value m* to veto events with magnitude less

than m*(dm) from 0. i.e. accept only events with
m—m*(dm) >0, (2.43)

where n > 1. Following the same example injected event from figures 2.7 through 2.9, the results of the
consistency check are represented in figures 2.5 and 2.6.

In figure 2.5, the amplitude of the best fit m is plotted vs. flagged event index, for the full set of events
passed from stage one (figure 2.9). Since the injected frequency of 30.5 Hz is half way between the center
frequencies of the two adjacent channels, there is a clear difference in amplitude between the events from the
“up” spectrogram (the first ~ 100 points), and the “down” spectrogram (the last ~ 200 points). In the first
set of points, the adjacent frequency channels (30 Hz and 31 Hz) were correctly summed together to form
a single event tile, although the original injected event amplitude of 1.0 pT was not completely recovered,
(the average value of m for these events is 0.9 pT). In the last set, the channels containing power from the
injected signal were not summed together (i.e. 30 Hz was summed with 29 Hz and 31 Hz was summed with
32 Hz), resulting in twice as many tiles containing signals of a smaller amplitude (the average value of m
of these tiles is 0.7 pT). The following figure 2.6 shows the p values for the same events plotted vs. event
index. Note that since all the flagged tiles are due to a real event, those that did not pass the p threshold
check are false negatives. However, given the threshold p* = 0.01 used for this example, we expect a false
negative rate of 0.01. Two false positives out of 294 events gives 2/294 = 0.007, which is still consistent with

this expectation.
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(a). (b). (c). (d).

Soliton Star

Figure 2.4: By defining a coordinate system with respect to the center of the earth, we can represent a soliton
star event as a vector 771, where the direction 7 corresponds to the direction of propagation (represented in
this figure as a velocity vector v), and the magnitude represents the amplitude of the “pseudomagnetic” field
that would be measured by a detector with sensitive axis parallel to /m. The vector m of the event, and each
vector ci; representing the sensitive axis of station i, are represented in a coordinate system fixed relative to
the center of the earth (a). For an event mi, the signed amplitude of the oscillation expected in station 4
is J; -m. Given the arrangement of magnetometers and their sensitive axes, a basis for the set of possible
combinations of measured amplitudes is given by three Ny dimensional vectors: X , }7, and Z , where X (b)
is the set of relative amplitudes obtained if the soliton star is moving directly along the x axis in the Earth’s
frame of reference, Y (c) is the vector of expected measurements for propagation along the y axis, and A (d)

for propagation along the z axis.
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Figure 2.5: Scatter plot depicting the m values calculated from equation 2.41 and associated uncertainty dm
from equation 2.42. The data are passed down from the excess power check with €* set for a false positive
probability of 2.7 x 10~7. All detected events are due (either directly or indirectly due to spectral leakage
into adjacent tiles) to an injected event with m = (0,0,1). The data are clearly distinguishable into two
collections. The injected signal was at 30.5 Hz, so the first ~ 100 events come from the case where the 30 Hz
and 31 Hz tiles were summed together, and the last ~ 200 events are from the case where they were summed
with the 29 Hz and 31 Hz tiles, respectively. The points highlighted in blue failed the m threshold check at

m* = 3.
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292 events passed with p > 0.01
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Figure 2.6: Scatter plot of the same events as shown in figure 2.5, plotted with p value on the y axis. Points

colored blue were rejected by the m check with m* = 3 | and points colored orange were rejected by the p

check at p* = 0.01
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Figure 2.7: Example demonstrating the first loop of the excess power process, using 2000 s of real time-
shifted data. A signal was injected with m = (0,0,1). The initial 1 s by 1 Hz tiles were summed to create a
spectrogram with volume determined by AT =4 s, and AF = 2 Hz. Figure (a) shows the raw spectrogram
for station oberlin01, with time tiles summed but not frequency tiles. The 30.5 Hz signal is barely visible, and
the 60 Hz line frequency is prominent. The two figures in (b) represent the “up” and “down” spectrograms
normalized by the average PSD. Applying a threshold of ¢* = 38.1 and summing together the results from
all 9 active stations results in figure (c). Tiles in figure (¢) with values > 3 are flagged, and expanded to fix
the original 1 Hz frequency channels, forming the binary mask in figure d, in which many of the tiles within
the 400 s signal are successfully flagged, but some still remain undetected. These events are passed onto the

second excess power iteration in figure 2.8.
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Figure 2.8: This example demonstrates the second loop of the excess power process, using 2000 s of real
time-shifted data. The figure on the top left again depicts the the raw spectrogram for station oberlin01,
with time tiles summed but not frequency tiles. However the tiles flagged by the first loop shown in figure 2.7
are masked (represented by white “missing” tiles) and not included in the calculation of the average PSD.
After dividing by this average and summing 2 frequency tiles, the sum “up” and sum “down” normalized
spectrograms on the upper right clearly show the injected signal.Applying a threshold of ¢* = 38.1 and
summing together the results from all 9 active stations results in the figure on the bottom left. After the
three-fold coincidence check, the resulting flagged events on the bottom right now encompass the entirety of

the injected signal. These events are passed onto the third loop excess power iteration in figure 2.9.
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Figure 2.9: This example demonstrates the second loop of the excess power process. The figure on the top
left again depicts the the raw spectrogram for station oberlin01, with time tiles summed but not frequency
tiles. The tiles flagged by the second loop in figure 2.8 are masked and not included in the calculation of
the average PSD. After dividing by this average and summing 2 frequency tiles, the sum “up” and sum
“down” normalized spectrograms on the upper right once again clearly show the expected signal. Applying
a threshold of €* = 38.1 and summing the results from all 9 active stations results in the figure on the
bottom left. Applying the three-fold coincidence check results in an identical set of flagged events as the
previous check, indicating that the iteration should end. The resulting flagged events are used to calculate

the subtracted spectrogram and uncertainties, which are passed onto the second stage.
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Chapter 3

Characterizing the analysis method

In this section, we focus on a particular section of data, and prepare to analyze this time period by determin-
ing experimentally the relationship between the three thresholds (excess power threshold, m threshold, and
p thresholds) and the false positive and false negative probabilities. We expect that the relationships derived
in this section should hold for any analyzed time period, however we do not test this assumption here. For
these preliminary tests, the retrieved magnetic field data are time shifted to prevent the possibility of real
events. When the magnetic field data are imported from the GNOME server, the start time for each station
is 500 s later than the start time for the previous station. So when we conduct preliminary characterization
analysis (a false positive or false negative check) on 2000 s worth of data starting at Tp, the 2000 s from the
first station starts at Ty, the 2000 s from the second station starts at To + 500 s, the 2000 s from the third
station starts at Ty + 1000 s, and so on.

The earliest time series data analyzed are from March 13, 2020 starting 11:30 am, UTC. This particular
time was chosen because 9 stations are active for approximately 14000 subsequent seconds, so when time
shifting the data, we can analyze 5 consecutive 2000 s windows with consistent false positive and false
negative probabilities. These 9 active stations are oberlin01, hayward01, krakow(1, lewisburg01, berkeley01,
berkeley02, daejeon01, moxa0l, and losangelesO1. The (non-time shifted) time series for each station for the
entire 14000 s time are shown in figure 3.1. Not visible in this image are gaps in the time series representing
missing or “insane” data (data flagged as invalid). These data are masked for the entire analysis duration
and do not effect any of the calculations. If an event is detected in a time frequency tile where one station is
insane, that station is still masked in the event vector and the consistency check (for that particular event)
proceeds as if the “insane” station was not present.

In these preliminary tests, there are three experimentally controlled values that can be adjusted to achieve
the desired false positive and false negative probabilities (not including the “lower threshold”, which will
be considered in future analyses). These parameters are the excess power threshold €* from the first stage

coincidence check, the m a p thresholds from the consistency check, and the time-frequency volume V.
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Figure 3.1: Time series of 14000 s of magnetic field data from the nine stations active on March 13, 2020

starting 11:30 am, UTC.

The following tests only varied the time frequency volume from 2 (2 frequency channels summed, no
time segments summed) to 64 (2 frequency channels summed, 32 time segments summed) in powers of 2.
However, 32 time tiles is by no means a desirable upper limit, and in principle the tile width can increase
up to 1/3 of the total time, assuming that in the uncertainty calculations, opgp is calculated based on
the standard deviation the un-summed tiles divided by +/N;. Further analysis is underway to push the tile
sums further to determine the point at which increasing the tile time width no longer offers an advantage
in detecting longer signals (i.e. at what point does the signal duration take up “too much” of the total time

series and no longer behaves like a transient event in the excess power search).
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3.1 False positive analysis

The goal of the false positive analysis is to experimentally observe the relationships between the actual
probability that any tile with no signal (from time shifted data) will be accepted as a real event by the
analysis and the four primary controlled quantities: the excess power threshold, the m threshold, the p
threshold, and the time frequency volume V. Once these relationship are clear, we can use them. To set the
threshold values so that there is a probability of 2.7 x 1077 (5¢) that a false positive event is flagged by the

entire analysis process.

Stage 1 only

Of the three thresholds, the one with by far the greatest impact on the false positive rate is the first excess
power threshold, which plays the largest role in reducing the number of candidate tiles. The expected false
positive statistics of the excess power coincidence check are also thoroughly understood for Gaussian data,
providing a clear theoretical expectation to which we can easily compare the experimental results.

To best replicate the conditions of the theoretical probability P(e > €*), we begin by eliminating the
repeating loop in which tiles flagged by the previous coincidence check are excluded from the calculation of
the average PSD in the following check. The results of this analysis are displayed in figures 2.2 and 3.2,
which are different views of the same plot of P(e > €*) vs ¢*, while summing time tiles in powers of 2 from
1 to 32 tiles. All nine stations were included, and the three-fold coincidence was performed after applying
the excess power cutoff.

As seen in figure 2.2 and 3.2, for a single loop of 2000 seconds, the false positive probabilities for sim-
ulated Gaussian noise (unfilled circles) appear to follow the theoretical curve. This curve is calculated by
integrating the x? distribution in equation 2.18 then applying the binomial sum (equation 2.27) to include
the contribution of the 9 station 3-fold coincidence check. For time shifted real data during the chosen 2000
second window, the false positive rate agrees well for low threshold values (probability > 0.1) but deviates
from the Gaussian and theoretical examples at high threshold values. This is due to the non-Gaussianity of
the real data from the detectors; a relative abundance of high excess power outliers in the real station data
results in values that average over time to represent an increase in false positive probability. The size of
the data set limits the experimentally determined false positive rate. In particular, if we consider five 2000

second windows worth of data, the minimum possible non-zero experimental probability is

1 B 1
Ntiles total nT(ng‘U + n;:i))
1 . .
= 2000 G550 for total time 2000 s and Nyquist frequency 256 Hz
AT~ AF
Vv
1018000

)

where np is the total number of tiles along the time axis and ng‘) and ngﬁi , are the total number of tiles

3

along the “up” and “down” frequency axis, respectively. This value is 2 x 1076 for V' = 2, the smallest
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Experimental and Theoretical false positive fraction
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Figure 3.2: Theoretical and experimental false positive rates v.s. excess power threshold for a single iteration
of the excess power coincidence search. The solid curves are the theoretical values from combining equations
2.20 and 2.27, assuming, with 9 active stations and a 3-fold coincidence. The solid points are the average
fractional false positives for 5 consecutive 2000 s windows of real time-shifted data. The unfilled circles are
the average fractional false positives for 5 consecutive 2000 s windows of simulated Gaussian data with mean
0 and standard deviation 1, emulating the ideal case from which equation 2.20 was derived. his graph is the

same figure as 3.4, plotted on a log scale to highlight discrepancy between the real and Gaussian data at low

probabilities.

time frequency volume tested. This means that with maximum of 5 2000 s windows, we must extend the
experimental curve to determine the value of ¢* that gives 50 value p = 2.7 x 1077 for this particular data
set. Including the entire excess power coincidence check produces the results shown in figure 3.4. Note
that there is a “jump” in the false positive rate at P ~ 0.9. This can be understood as a result of the
correction method for flagging entire rows of tiles. When an entire row of frequency tiles is flagged (which
is likely to occur at excess power values threshold e* < 2ATAF), then the entire row is unmasked and
the average calculation proceeds in exactly the same way as if no tiles had been flagged, so that for that
particular row, the analysis is no different than for the first loop. As the excess power threshold increases
(so that P(e > €*) ~> 0.9), the probability of this effect occurring at some point in the loops for a given
frequency channel decreases, however a significant fraction of the tiles are still below the threshold, and so

the masking has an effect on the excess power probability. By masking tiles, we are eliminating some fraction

of the upper tail of the distribution in the average. By dividing by this average, the resulting distribution
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Figure 3.3: Theoretical and experimental false positive rates v.s. excess power threshold for the full excess
power coincidence search. The solid curves are the theoretical values from combining equations 2.20 and
2.27, assuming 9 active stations and a 3-fold coincidence. The solid points are the average fractional false
positives for 5 consecutive 2000 s windows of real time-shifted data. The unfilled circles are the average
fractional false positives for 5 consecutive 2000 s windows of simulated Gaussian data with mean 0 and
standard deviation 1, emulating the ideal case from which equation 2.20 was derived. This graph is the same
figure as 3.4, plotted on a log scale to highlight the discrepancy between the real and Gaussian data at low
probabilities.

no longer has mean 2ATAF, and so represents a x? distribution with mean %

The lower the value of
€*, the larger the fraction of tiles that are eliminated, and the farther from 2V this value is shifted, leading
to the visible “jump” in figures 3.3 and 3.4. This effect diminishes as the probability approaches 0 (i.e.
the threshold €* >> 2V), and for Gaussian data, the experimental and theoretical curves begin to overlap
again as fewer tiles are flagged and the mean of the fraction of the distribution with ¢ < ¢* approaches 2V.
Note that the effect is more pronounced for larger degrees of freedom, this is because each spectrogram has
fewer tiles, so flagging a single tile has a larger effect on the average calculation (for the same excess power
trigger, summing more time tiles causes that value to impact a larger fraction of the time series). While
it is important to be aware of this effect, because the actual analysis process will operate in the regime of
the third case (the limit of very low false positive probability), the effects of the repeating loop on the false

positive probability can be ignored. Further tests are necessary to determine whether this is still the case if

the initial value of €* is lowered for the initial iterations, until the set of newly flagged events is no longer
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Figure 3.4: Theoretical and experimental false positive rates v.s. excess power threshold for the full excess
power coincidence search. The solid curves are the theoretical values from combining equations 2.20 and
2.27, assuming 9 active stations and a 3-fold coincidence. The solid points are the average fractional false
positives for 5 consecutive 2000 s windows of real time-shifted data. The unfilled circles are the average
fractional false positives for 5 consecutive 2000 s windows of simulated Gaussian data with mean 0 and
standard deviation 1, emulating the ideal case from which equation 2.20 was derived. This graph is the same

figure as 3.4, plotted on a linear scale to highlight the “jump” that occurs at P ~ 0.9.

changing compared to the previous set of events, at which point the the threshold is increased to the full
desired value. This is the intended route for the final analysis process represented in the figure 2.3 flow chart,

but has not been implemented for the current analyses.

3.1.1 Stages 1 and 2

Since “events” consistent with detector noise are mathematically considered consistent, there is not a straight-
forward method of quantifying the effect of the p value threshold on the false positive probability. The vectors
rejected by the p threshold must be inconsistent with both true events and the zero vector in the presence
of Gaussian noise, whcih makes the development of a theoretical model difficult and impractical. We will
focus instead, then, on the theoretical probability of accepting a false positive (due to Gaussian noise) in
the second stage is primarily determined by the m threshold, a value specifying the number of standard
deviations from 0 the magnitude of the “best fit” event vector ||| must in order to consider the event

inconsistent with noise. In the case of Gaussian data, the relationship between false positive probability and
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the m threshold m* is simply the the probability associated with the number of standard deviations. Due
to constraints on time, the false positive analysis of for the second stage has not yet been fully completed,
however we propose several tests which could verify the above relationship and provide other insights.
Although we cannot quantify and compare the relationship between false positive probability and the
p threshold for Gaussian noise, this threshold still has important consequences for the false positive rate
in real data. The reason for this is that the real data are not Gaussian. The time series shown in figure
3.1 demonstrate the presence of the type of non-stationary noise that could emulate a transient signal
in the excess power search, particularly the sharp spikes present in station “berkeley02”. While the 3-fold
coincidence requirement helps eliminate some of these events, the consistency serves as an additional method
for vetoing this type of false positive that is not consistent with persistent noise, but nevertheless do not

represent true events.
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Figure 3.5: Heatmaps depicting fractional false positives passed from the first stage analysis with ¢* = 0.001
(~ 30) for each time frequency volume. The values are binned according p value along the x axis and m/dm
along the y axis, for 5 consecutive 2000 s windows of real data. Note that the y axis scale differs for each
figure, as does the range displayed on the colorbar. As expected, the majority of the values are clustered to

the left, at low p values.

To understand how the m threshold and p threshold together impact the false positive rates, consider
the 2-dimensional histograms displayed in figure 3.5. With the value of €* set at the 50 level, the resulting
false positive event values were run through the x? and m calculations. The color map is plotted on a log

scale, so any (p,m/dm) bins containing exactly 0 events are masked as white, and any colored tiles contain
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a non-zero number of false positives within the pictured range. With €* set to a value with a a Gaussian
false probability of 0.001 (~ 30), a pattern starts to emerge in which the majority of values are clustered
at the right (low consistency), and a “band” of false positive tiles connects the low consistency and high
consistency sides of the figure. In the future, repeating this analysis at many different values of ¢* will allow
more specific patterns to be revealed and enable us to draw experimental conclusions about how the m* and

p* values relate to the false positive probability.

3.2 False negative analysis

Once we have set the values of €* and m* to achieve the desired false positive rate, we can conduct a false
negative analysis to determine how these threshold values effect the sensitivity. This is done by injection
simulated oscillatory bursts into the data and recording the fraction of tiles expected to contain a signal that
were actually detected by the analysis program, as a function of injected signal amplitude. This analysis
enables us to convert the threshold values set by the false positive analysis into a probability of detection for
a signal of a amplitude. This quantitative description of the sensitivity is an important step in the process

of converting the full analysis results into meaningful soliton star constraints.

3.2.1 Stage 1 only

Once again, the effect of the initial excess power threshold is worth examining separately. The results of the
first stage not only have the largest impact on the overall sensitivity, but also have important impacts on the
quality of the second stage consistency check. False negatives from this first analysis stage are not masked
during the calculation of the final subtracted average or the uncertainty calculation, which inaccurately
inflating the standard deviation estimation and preventing both the m and p checks from functioning as
expected. It is thus particularly important to understand and control the false negative rate of the initial
stage.

The experimental data collected in each true detection test (figures 3.6 through 3.7) represent the average
number of tiles flagged out of tiles expected to contain an injected signal for 5 2000 s tests. For each
test, a random frequency was chosen using numpy’s random float generator, which selects from a “uniform
continuous” distribution [22]. The frequencies are chosen from the range 10 Hz to 100 Hz. Unless otherwise
specified, the signal duration is similarly chosen from between 100 and 600 seconds. A random start time is
also chosen between the first data point and 10 seconds before the last time at which the signal can begin
without truncating the duration. This signal is injected into the magnetic field time series at each station as
a sine function oscillating at the desired frequency, and the first stage of the analysis proceeds as described
in chapter 2 section 2.1 unless otherwise indicated.

When the threshold €* is fixed, the probability of detecting an injected signal with the signal component

of the excess power statistic A? is given by a plugging the probability from equation 2.25 into the binomial
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sum in equation 2.27 for Ny active stations and an N, fold coincidence. Figure 3.6 shows depicts the

Experimental and Theoretical detection fraction (average 50 2000 s runs)
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Figure 3.6: Theoretical and experimental true detection rate P(e|A? > €*) vs. injected signal amplitude
for the excess power coincidence search, with €* = 0.001. The solid curves are the theoretical values from
combining equations the probability distribution 2.25 with the binomial sum in equation 2.27 with 9 active
stations and a 3-fold coincidence. The points are the average fractional false positives for 5 2000 s windows
of simulated Gaussian data with mean 0 and standard deviation 1, emulating the ideal case from which
equation 2.25 was derived. Note that the theoretical curves drop suddenly to zero at large amplitudes, this

is simply a numerical integration error; at large amplitudes, the theoretical detection probability should

continue to approach 1.0.

theoretical “true detection” probability (1 - the false negative probability) for Gaussian data. The injected
signal magnitude C' is related to the variable A? in equation 2.25 through

_ 2NpNyC?  NpNpbC?

A ==0E T e 31)
_ 2NF]{IVT042 (3.2)

where C' = |cy,;| the rms amplitude as defined in the previous sections, a = Cv/b is the amplitude of the
injected signal (where b = %), and H is the average noise PSD. Compared to the false positive analysis,
the true detection graph does not agree nearly as closely. This is likely an indication that implementing the

the multiple loop strategy with the same threshold value still does not completely replicate the conditions
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assumed in generating the theoretical curve.

In order to accurately verify whether the experimental true detection probability (for both Gaussian and
real data) agrees with the theoretical curve, we propose to repeat this initial process with some additional
simplifications to the stage one coincidence check. First, in order to ensure that H is truly calculated based
on only the noise component, we can calculate the average PSD for each station before dividing by the
average PSD, to ensure that the noise component did not include any part of the signal. Second, in order
to simplify the interpretation of the injected amplitude, the signals can be injected into each station at
a fixed amplitude, not from a projected direction. After projecting the events onto the sensitive axis of
each detector, the actual measured amplitude is attenuated to an effective amplitude proportional to the
projection of the event direction onto the sensitive axis of the detector.

In figure 3.7, the process is repeated with real data, including and the full loop analysis is completed.

Experimental and Theoretical detection fraction (average 50 2000 s runs)
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Figure 3.7: Theoretical and experimental true detection rate P(e|A? > €*) vs. injected signal amplitude
for the excess power coincidence search, with ¢* = 0.001. The solid curves are the theoretical values from
combining equations the probability distribution 2.25 with the binomial sum in equation 2.27 with 9 active
stations and a 3-fold coincidence. The solid points are the average fractional false positives for 5 consec-
utive 2000 s windows of real time shifted data. Note that the theoretical curves drop suddenly to zero at

large amplitudes, this is simply a numerical integration error; at large amplitudes, the theoretical detection

probability should continue to approach 1.0.

With the inclusion of these additional parameters, it is no longer helpful to compare these values to the

theoretical predictions, but the specific true detection probability for a particular time span can be extracted
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from the experimental curves. Note however that the sample of points used to calculate this probability value
varies with degrees of freedom and signal duration, since the more tiles present contain a signal, the greater
the probability that within the frame, at least one tile will contain a signal, which would account for why
the curve with V = 64 in figures 3.6 and 3.7 breaks the observed pattern and demonstrates a higher than
expected false positive rate. The simplest proposed solution is to change the injected duration for each value
of the degrees of freedom to ensure that the same number of tiles contain a signal every time. However, this
approach has several important drawbacks. First and most importantly, holding the number of tiles constant
severely limits the range of possible durations. Injecting a signal that flags 100 1 s tiles is simple, and the
100 s resulting signal is adequately small compared to the total 2000 s window. Injecting a signal that
flags 100 32 s tiles is actually impossible in a 2000 s time series. The second drawback is that this method
requires the basic spectrogram to be regenerated for every value of the degrees of freedom in addition to
every amplitude and test, drastically increasing the time needed to run the full false negative test.

An alternative method of interpreting these same data which could provide a different form of insight
requires adjusting the initial definition of what constitutes a successful detection. Rather than considering
the probability of true detection for any given tile, we can redefine “detection” based on the entire signal
rather than each individual tile. If the successfully detected fraction of tiles containing an injected signal is
greater than some new threshold (for example 20%) then the event is considered to be “detected successfully”,
regardless of the number of tiles missed. Since for each trial, the same injected signal is analysed for all
six degrees of freedom, this will serve to remove the discrepancy in the number of tiles summed per degrees
of freedom (which may be the source of the lower than expected true detection rate for the curve with
V =64), as well as assist in reducing the effects of inaccurately estimating the expected number of flagged
tiles. While several tricks were implemented in the program to help prevent this second issue, there will
always be an issue if the randomly selected start time does not fall at the start of a tile, in which case the
amplitude is attenuated in that tile, resulting in a “effective amplitude” that is the average of the the signal
and noise PSD and is in general much smaller than the initially injected value. “Off by one errors” may also
occur when estimating start and end tiles, depending on the number of tiles summed and when the signal
is injected. This process has already been used successfully in other characterization circumstances, can be
implemented in future analysis.

Another important proposed check involves repeating the process once again, this time using real time-
shifted data from the same time set as the false positive analysis in section 3.1 while fixing the signal duration
at 400 s (representing passage through the center of an axion star with radius 10Rg). This would allows the

expected improvement in sensitivity with number of tiles summed to be experimentally verified.

Stages 1 and 2

As is the case for the false positive analysis, a full analysis has not yet been implemented to characterize

the relationship between the p value threshold p* and the false negative rate. The p value can be considered
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as the probability that the closest constant signal ji could have been obtained from the measured vector @
given noise of standard deviation 6_&, thus the successful detection probability is given by 1 —p*. One simple
method of testing this assumption is to inject many events, and record the fraction of successful detections
as a function of p*, for multiple amplitude and tile durations. One could then additionally choose a specific
desired value representing the the minimum desired true detection rate (e.g. 90%) and plot the minimum
amplitude that can be detected at this rate as a function of p* for each degree of freedom (which also allows
the information gained from this test to be consolidated in a single graph). If the goal is simply to verify
the relationship between p* on its own and the false negative rate, then the effects of the first stage analysis
could be bypassed entirely, and list of events, the subtracted spectrogram, and and the associated uncertainty
values can be calculated from the list of expected events, ensuring that the true detection probability is due
entirely to the effects of the p threshold. Alternatively, a fixed €* and m* value could also be chosen based

on the false positive probability, and the graphs can be used to assess the sensitivity of the entire analysis.

3.3 Proposal for application on real data

Once the method is fully characterized, we will have gained two crucial pieces of information. First, from the
false positive tests, we know where to set the three thresholds €*, m* and p* so that the overall probability
of a false positive event being detected by the analysis is 2.7 x 10~7, or 5. Once these values have been set,
the false negative tests provide a measure of the sensitivity level, the smallest detectable signal amplitude
that can be successfully extracted with the analysis program at the chosen thresholds given the particular
combination of active stations. This value can be calculated as average over all possible directions, or
considered as a value that varies depending on the direction. All of these values will differ according to the
time period under analysis and the degrees of freedom, so some of the tests demonstrated above will need to
be repeated for time shifted data around the desired time period in order to get a reliable estimation of the
noise characteristics. Alternatively, future efforts could focus on determining to what extent the thresholds
from one section of data generalize to other time periods.

Once this information is obtained, the next step of the process is to break up the desired time range into
2000 s windows, and run the non-time-shifted data from each window through the excess power process.
Repeating the process for multiple time tile widths maximizes the sensitivity for different durations. If
no events are detected, then the next step is to convert the calculated sensitivities into constraints on for
soliton star parameters. An example of how this process might be accomplished is shown in Ref. [3],
where the relationship between the expected energy shift, the ALP mass, and the coupling constant are
constructed for the Hamiltonians in equations 1.3 through 1.5, which are in turn used to estimate the sensitive
parameter space accessible to GNOME. To accomplish this, in addition to choosing a particular model,
concrete assumptions were made about factors including the particular soliton star model, the minimum

detectable radius, and the rate of event encounters. These factors in turn were used to estimate other
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necessary values and ultimately set constraints. Taking this approach, more work is needed to determine

what further assumptions we will impose to interpret the analysis results.
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Chapter 4

Conclusion

We have presented here a description of the excess power analysis developed specifically to search the data
provided by the magnetometers of GNOME for transient oscillatory bursts. The analysis process checks
that such signals are detected in at least 3 different stations within the same time and frequency bin, that
the amplitude of the signals detected in each station are consistent with the known sensitive axis direction
of the stations, and that the event is not consistent with noise. For Gaussian data, the first and most
important of these checks can be quantitatively represented as a function of the threshold value €¢*, which
is then used to calculate the false positive probability and successful detection probability as a function of
signal amplitude for various degrees of freedom. Given a specific time range of real data, we can adjust these
probabilities based on time shifting the data during that period (so that we are confident any detected signal
is a false positive) and either running the analysis to search for false positives or injecting simulated signals
to investigate successful detections. This process was demonstrated in detail for the first stage of the analysis
(the consistency check), and methods for characterizing the two combined stages have been proposed that

should be implemented to fully characterize the analysis process.

4.1 Suggestions for Future Work

The next step for the immediate future is to implement and interpret the results of the proposed tests from
chapter 3. It will also likely be useful to develop more sophisticated methods of estimating the false positive
and false negative rates of the non-Gaussian data in order to avoid the need to constantly re-implement
these preliminary tests, which are specific to the given time and set of magnetometers. A test that would
likely still be useful to repeat for each specific set of active detectors is a generate map of sensitivity based on
the propagation vector direction, which could be used to develop directionally dependent sensitivity values
which could potentially enable us to place more accurate constraints. Once we understand how the program
works, we need to understand how we can interpret our results to constrain soliton star parameters, based

on calculations similar to the examples from Ref. [3]. When this process is prepared, the analysis can finally
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be run on real data, dividing the full length of analyzed data into 2000 second (potentially overlapping)
windows and running each window through the program. The longer the total time, the more effectively
we can estimate the the constraints on the rate of encounters, which helps place additional constraints on
other factors such as the size and number density of the soliton stars in the galaxy, as well as the mass and
coupling constant for the individual ALPs.

Once this particular version of the axion star analysis is fully characterized and ready to use, additional
modifications can be implemented to apply nearly the same method to different categories of signals. For
example, by looking for correlations within a certain range of adjacent time bins rather than coincidences

would allow for the potential detection of events with significant delay times between stations.
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