
Mean separation

[[1 point]] According to Griffiths equations (5.23) and (5.25), the mean square separations 〈(xA − xB)2〉
are

for non-identical particles: 〈x2〉n + 〈x2〉m − 2〈x〉n〈x〉m
for identical bosons/fermions: the above∓ 2 |〈m|x|n〉|2

(Surprisingly, none of the integrals on the right involve integrands xA or xB , but simply x.)

[[1 point]] Thus we need to perform three integrals. Well, not really. It’s obvious that 〈x〉n = L/2, for all

values of n.

[[3 points]] To find the mean of x2 write

〈x2〉n =
2

L

∫ L

0

x2 sin2
(nπ
L
x
)
dx [[use substitution u = (nπ/L)x. . . ]]

=
2

L

(
L

nπ

)3 ∫ nπ

0

u2 sin2 u du [[use Dwight equation 430.22. . . ]]

=
2L2

n3π3

[
u3

6
−
(
u2

4
− 1

8

)
sin 2u− u

4
cos 2u

]nπ
0

=
2L2

n3π3

[
n3π3

6
− nπ

4

]
= L2

[
1

3
− 1

2n2π2

]
.

Thus

〈x2〉n + 〈x2〉m − 2〈x〉n〈x〉m = L2

[
1

6
− 1

2π2

(
1

n2
+

1

m2

)]
.

[[4 points]] Meanwhile,

〈m|x|n〉 =
2

L

∫ L

0

x sin
(mπ
L
x
)

sin
(nπ
L
x
)
dx [[use substitution θ = (π/L)x. . . ]]

=
2

L

(
L

π

)2 ∫ π

0

θ sinmθ sinnθ dθ

=
2L

π2

∫ π

0

θ 1
2 [cos(n−m)θ − cos(n+m)θ] dθ

=
L

π2

[∫ π

0

θ cos(n−m)θ dθ −
∫ π

0

θ cos(n+m)θ dθ

]
.
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But for N an integer with N 6= 0,∫ π

0

θ cosNθ dθ =
1

N2

∫ Nπ

0

u cosu du

=
1

N2
[cosu+ u sinu]

Nπ
0

=
1

N2

[
(−1)N − 1

]
=

1

N2

{
−2 for N odd

0 for N even

So for n−m even, 〈m|x|n〉 = 0. But for n−m odd

〈m|x|n〉 =
L

π2
(−2)

[
1

(n−m)2
− 1

(n+m)2

]
= −8L

π2

nm

(n2 −m2)2

so the pivotal term is

2|〈m|x|n〉|2 =


128L2

π4

n2m2

(n2 −m2)4
for n, m of opposite parity

0 for n, m of same parity

[[1 point]] In conclusion: For non-identical particles, or for bosons or fermions in the case that n and m

are of the same parity, the root-mean-square separation is√
〈(xA − xB)2〉 = L

[
1

6
− 1

2π2

(
1

n2
+

1

m2

)]1/2
while for bosons (minus sign) or fermions (plus sign) in the case that n and m are of opposite parity, the

root-mean-square separation is√
〈(xA − xB)2〉 = L

[
1

6
− 1

2π2

(
1

n2
+

1

m2

)
∓ 128

π4

n2m2

(n2 −m2)4

]1/2
.

There’s a lot to explore in dissecting this result. Normally bosons huddle together whereas fermions

spread apart. But when n and m are of the same parity, then bosons, fermions, and non-identical particles

all have the same root-mean-square separation. Can you understand this any more deeply than just saying

“it comes out of the math”? I can’t.
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