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RATIONAL ANGLED HYPERBOLIC POLYGONS

JACK S. CALCUT
(Received : 16 - 09 - 2015 ; Revised : 18 - 12 - 2015)

ABSTRACT. We prove that every rational angled hyperbolic triangle has tran-
scendental side lengths and that every rational angled hyperbolic quadrilat-
eral has at least one transcendental side length. Thus, there does not ex-
ist a rational angled hyperbolic triangle or quadrilateral with algebraic side
lengths. We conjecture that there does not exist a rational angled hyperbolic
polygon with algebraic side lengths.
1. INTRODUCTION
Herein, an angle is rational provided its radian measure 6 is a rational mul-
tiple of 7, written # € Qm. Rational angles may also be characterized as angles
having rational degree measure and as angles commensurable with a straight an-
gle. Algebraic means algebraic over Q. Let A C C denote the subfield of algebraic
numbers. If § € Qm, then cosf € A and sinf € A.

In Euclidean geometry, there exists a rich collection of rational angled polygons
with algebraic side lengths. Besides equilateral triangles, one has the triangles in
the Ailles rectangle [Ail71] and in the golden triangle (see Figure 1). Further, let

60° 36°

FIGURE 1. Ailles rectangle and the golden triangle.
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o(d) denote the number of similarity types of rational angled Euclidean triangles
containing a representative with side lengths each of degree at most d over Q.
Then

(1) o(d) < oo for each d € Z*. A proof of this fact uses three ingredients: (i)
the Euclidean law of cosines, (ii) if ¢ is Euler’s totient function, n > 2, and
k is coprime to n, then the degree over Q of cos(2kw/n) equals ¢(n)/2,
and (iii) p(n) > y/n/2 for each n € Z* (see [Call0]).

(2) o(1) = 1. This class is represented by an equilateral triangle (see [CGOG,
pp. 228-229] or [Call0, p. 674]). While Pythagorean triple triangles have
integer side lengths, they have irrational acute angles; a simple approach
to this result uses unique factorization of Gaussian integers [Cal09]. In
fact, the measures of the acute angles in a Pythagorean triple triangle are
transcendental in radians and degrees [Call0].

(3) 0(2) = 14. Parnami, Agrawal, and Rajwade [PAR82] proved this result
using Galois theory. The 14 similarity types are listed in Table 1. It is an
exercise to construct representatives for these 14 classes using the triangles
above in Figure 1.

60-60-60 | 45-45-90 | 30-60-90 | 15-75-90
30-30-120 | 30-75-75 | 15-15-150 | 30-45-105
45-60-75 | 15-45-120 | 15-60-105 | 15-30-135
36-36-108 | 36-72-72

TABLE 1. The 14 similarity types (in degrees) of rational angled

FEuclidean triangles with side lengths each of degree at most two

over Q.
A polar rational polygon is a convex rational angled Euclidean polygon with inte-
gral length sides. The study of such polygons was initiated by Schoenberg [Sco64]
and Mann [Man65] and continues with the recent work of Lam and Leung [LLO0O].

In sharp contrast, there seem to be no well-known rational angled hyperbolic
polygons with algebraic side lengths. Throughout, H? denotes the hyperbolic
plane of constant Gaussian curvature K = —1. We adopt Poincaré’s conformal
disk model of H? for our figures.

Below, we prove that every rational angled hyperbolic triangle has transcen-
dental side lengths and every rational angled hyperbolic quadrilateral (simple, but
not necessarily convex) has at least one transcendental side length. Our basic
tactic is to obtain relations using hyperbolic trigonometry to which we may apply
the following theorem of Hermite and Lindemann.
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Theorem 1.1 (Hermite-Lindemann [Niv56, p. 117]). If a1, aq9,...,a, € A are

pairwise distinct, then e, e®2 ... e“" are linearly independent over A.

We conjecture that there does not exist a rational angled hyperbolic polygon
with algebraic side lengths. We ask whether a rational angled hyperbolic polygon
can have any algebraic side lengths whatsoever.

Throughout, polygons are assumed to be simple, nondegenerate (meaning con-
secutive triples of vertices are noncollinear), and not necessarily convex. In partic-
ular, each internal angle of a polygon has radian measure in (0,7) U (7, 27). Our
closing section discusses generalized hyperbolic triangles with one ideal vertex,
spherical triangles, and the dependency of our results on Gaussian curvature.

2. HYPERBOLIC TRIANGLES
Consider a triangle ABC C H? as in Figure 2. Recall the following hyperbolic

B

C
A

FicUrE 2. Hyperbolic triangle ABC.

trigonometric identities (see Ratcliffe [Rat06, p. 82]) known respectively as the hy-
perbolic law of sines, the first hyperbolic law of cosines, and the second hyperbolic

law of cosines ) ) )
sinha sinhb sinhe

= = HLOS
sin a sin  siny’ ( )
coshacoshb — coshe
cosy = b asinhb , and (HLOC1)
coshe = cos crcos f + 57 (HLOC?2)

sin acsin 8

Lemma 2.1. Let ABC C H? be a rational angled triangle labelled as in Figure 2.
Then, every side length of ABC' is transcendental.

Proof. Define x := coshc > 0. Then
1 1
ze’ = 560 + 5676. (2.1)
As o, 8,7 € Qr and A is a field, HLOC2 implies that z € A. As ¢ > 0, the
Hermite-Lindemann theorem applied to (2.1) implies that ¢ € A. The proofs for

a and b are similar. O

Corollary 2.2. Each regular rational angled hyperbolic polygon has transcendental

side length, radius, and apothem.
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Proof. Consider the case of a quadrilateral ABCD  H2. By an isometry of H?,
we may assume ABCD appears as in Figure 3 where F is the origin and F' is the

midpoint of segment AB. Triangle AEF has radian angle measures 6/2, 7/4, and

FI1GURE 3. Regular hyperbolic quadrilateral ABCD.
m/2. Lemma 2.1 implies that ¢/2, r, and a are transcendental. The cases n # 4
are proved similarly. O
We will use the following lemma in the next section on quadrilaterals.
Lemma 2.3. There does not exist a triangle ABC C H?, labelled as in Figure 2,
such that v € Qm, a+ 8 € Qm, and a,b € A.

Proof. Suppose, by way of contradiction, that such a triangle exists. Define
x:=cos(a+f) e (=1,1)NA,
y :=siny € (0,1] N A, (2.2)
z:=cosy € (—1,1)NA, and
Z :=coshc > 0.
Then HLOC1 and HLOS yield
x = cos (a+ ) = cosacos 8 — sinasin 8

_ Zcoshb—cosha Zcosha—coshb  ,sinhasinhb

sinh bsinh ¢ sinh a sinh ¢ Y sinh? ¢

As sinh? ¢ = Z2 — 1, we obtain

x (22 - 1) sinh a sinh b
= (Z cosh b — cosha) (Z cosha — coshb) — y? sinh? asinh? b, (2.3)

By HLOC1
Z = coshacoshb — zsinh asinh b. (2.4)

Make the substitution (2.4) in (2.3) and then, for ¢ = a and ¢t = b, expand

hyperbolics into exponentials using the standard identities

t_ Zet,

1 1 1
cosht = iet + ie*t and sinht = ge 5
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Expand out the resulting equation by multiplication, multiply through by 64, and
then subtract the right hand terms to the left side. Now, collect together terms

whose exponentials have identical exponents as elements of Z [a, b]. One obtains
(x = 1) (z — 1)? €3 1 (sum of lower order terms) = 0. (2.5)

Equation (2.5) is our relation. Its left hand side, denoted by R, is the sum of 25
terms each of the form pe™a+"® for some p € Z [x,y, z] and some integers m and
n in [—3, 3]. By definition, lower order terms of R have m < 3 or n < 3 (or both).
As a > 0 and b > 0, the Hermite-Lindemann theorem applied to (2.5) implies that
x =1 or z = 1. This contradicts (2.2) and completes the proof of Lemma 2.3. O
3. HYPERBOLIC QUADRILATERALS

Consider a quadrilateral ABCD C H2. Whether or not ABCD is convex, at
least one diagonal AC or BD of ABCD lies inside ABC'D (this holds in neutral
geometry). Relabelling the vertices of ABCD if necessary, we assume BD lies
inside ABC'D and that ABCD is labelled as in Figure 4. The radian measures

B

A a D c C
FIGURE 4. Quadrilateral ABCD C H? with internal diagonal BD.
of the internal angles of ABCD at B and D are 8 = 1 + 82 and 6 = &1 + d2
respectively.
Theorem 3.1. If quadrilateral ABCD s rational angled, then at least one of its
side lengths a, b, ¢, or d is transcendental.

Proof. We have a, 3,7, € Qm. Suppose, by way of contradiction, that a,b, ¢, d € A.
Define

w:=cosf € (-1,1)N

x:=cosd € (-1,1)N

y:=sina € [— 1,1]ﬂA {0}, (3.1)
z:=siny € [-1,1]NA — {0}, and

E :=coshe > 0.

Then HLOC1 and HLOS yield

w = cos B = cos (B1 + B2) = cos 31 cos Sz — sin f1 sin fo
_ Ecosha —coshd FEcoshb—coshc B sinh d sin sinhc .
" sinhasinhe sinh bsinh e sinh e @ sinh e
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As sinh? e = E2 — 1, we obtain
w (E2 — 1) sinh a sinh b
= (E cosha — coshd) (FE coshb — cosh ¢) — yzsinhasinh bsinh csinhd. (3.2)
The analogous calculation beginning with x = cosd = cos (01 + d2) yields
x (E2 — 1) sinh c¢sinh d
= (E coshd — cosha) (E cosh ¢ — coshb) — yzsinhasinh bsinh csinhd.  (3.3)
In each of the equations (3.2) and (3.3), move all terms to the right hand side and
re-group to obtain two quadratic formulas in F given by
0=AE*+BE+C; and
0= AyE? + BoE + Os.
Inspection shows that By = By. Define B := B; = By. We claim that A; # 0
and Ay # 0. Suppose, by way of contradiction, that A; = 0. Expanding the
hyperbolics in A; into exponentials and collecting terms by the exponents of their

exponentials yields

1
~1 (w — 1) e®*? 4 (sum of lower order terms) = 0.

The Hermite-Lindemann theorem implies w = 1 which contradicts (3.1). Hence
A; # 0, and similarly A # 0.
The quadratic formula yields

—B++B?—44,C;, —-B++vB? 44,0,
24, o 24, ’

where the + signs are ambiguous and not necessarily equal. We have

—AyB 4+ As\/B? —4A,C1 = —A1B + A1\/B? — 4A5C5,

A1B — AyB & Ao\/B2 — 4A,Cy = £A1\/B2 — 4A4,C,.
Squaring both sides yields
(A1B — A2B)® + A2 (B? — 4A,C1) £ 2(A1B — A2 B) Ao/ B? — 44,C,
= A} (B® — 44,C,) .

O0< FE =

and hence

Therefore
(A1B — A3B)* + A} (B? — 44,C)) — A? (B? — 44,C»)
= F2 (4B — A3B) As\/B2 — 4A,C.
Again squaring both sides yields
(A1 B — AyB)? + A% (B2 —4A,Cy) — A? (B2 — 44,0, ]2
=4(A1B — A3B)* A3 (B* —4A,C1) . (3.4)

Subtract the right hand side of (3.4) to the left side, expand out by multiplication,
and cancel the common factor 1643 A3 # 0 to obtain
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A2C2 4+ A2C?% —2A,A,C1Cy+ Ay B2Cy + Ay B?Cy — AL B2Cy — Ay B%Cy = 0. (3.5)
At this point, use of a computer algebra system is recommended; we used MAGMA
for our computations and Mathematica for independent verification. In (3.5),
expand hyperbolics into exponentials and then expand out by multiplication.
Multiply through the resulting equation by 4096 and then collect together terms

whose exponentials have identical exponents as elements of Z [a, b, ¢, d]. This yields

_1Y2,,2,2 ,(4a+4b+2c+2d) 112,22 ,(2a+2b+4c+4d)
(w—1)"y*z% +(x—1)"y“z%e

+2(w—1) (1 — z) y?22eBet3bH3e43d) 4 (qum of lower order terms) = 0. (3.6)

Equation (3.6) is our relation. Its left hand side, denoted by R, is the sum of
1041 terms each of the form pekatibtmetnd for some p € Z[w,z,y, 2] and some
integers k, I, m, and n in [—4,4]. Here, a lower order term is defined to be one
whose exponential exponent ka + [b + mc + nd is dominated by 4a + 4b 4 2¢ + 2d,
2a + 2b+ 4c + 4d, or 3a + 3b + 3¢ + 3d. This means, by definition, that either

(1) k<4,1<4,m<2,n<2, and at least one of these inequalities is strict,

(2) k<2,1<2, m<4,n<4, and at least one of these inequalities is strict,

or
(3) k<3,1<3,m<3,n<3,and at least one of these inequalities is strict.

There are now two cases to consider.
Case 1. One of the sums 4a+4b+2c+2d, 2a+2b+4c+4d and 3a+3b+3c+3d is
greater than the other two. Then, the Hermite-Lindemann theorem implies that
the corresponding polynomial coefficient in equation (3.6) must vanish, that is
(w—-1)°1222=0, (z—-1)%9y222=0, or 2(w—1)(1—xz)y*z2=0.
By equations (3.1), we have w # 1, x # 1, y # 0, and z # 0. This contradiction
completes the proof of Case 1.
Case 2. Two of the sums 4a+4b+2c+2d, 2a+2b+4c+4d, and 3a+3b+3c+3d are
equal. Then, a +b = c+ d. Recalling Figure 4, a + b = ¢+ d and two applications
of the triangle inequality imply that D cannot lie inside triangle ABC'. Similarly,
B cannot lie inside triangle ADC. This implies that diagonal AC' lies inside
quadrilateral ABC'D. Now, repeat the entire argument of the proof of Theorem 3.1
using diagonal AC' in place of diagonal BD. We either obtain a contradiction as
in Case 1 or we further obtain a + d = b + ¢. Taken together, a + b = ¢ + d and
a+d = b+cimply that a = c and b = d. So, opposite sides of quadrilateral ABC' D
are congruent. By SSS, triangles ABD and C DB are congruent. In particular,
01 = P2. So, B1 + 1 = B € Qn and triangle ABD contradicts Lemma 2.3. This
completes the proof of Case 2 and of Theorem 3.1. O
4. CONCLUDING REMARKS
The results above have analogues for generalized hyperbolic triangles with one

ideal vertex and for spherical triangles.
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Lemma 4.1. Let ABC be a generalized hyperbolic triangle with one ideal vertex
C as in Figure 5. If a, B € Qm, then the finite side length c is transcendental.

B

A

FI1GURE 5. Generalized hyperbolic triangle ABC with one ideal
vertex C.

Proof. By Ratcliffe [Rat06, p. 88], we have

1+ cosacospf

h =
coshe sin acsin 8
Thus
(sinasin B) e + (sinasin ) e = 2 (1 + cos accos 3) €. (4.1)
As ¢ > 0, the Hermite-Lindemann theorem applied to (4.1) implies ¢ ¢ A. O

Let S? C R? denote the unit sphere of constant Gaussian curvature K = +1.

Lemma 4.2. Let ABC C S? be a rational angled triangle labelled as in Figure 6.
Then, every side length of ABC' is transcendental.
B

A b

FIGURE 6. Spherical triangle ABC.

Proof. The second spherical law of cosines (see Ratcliffe [Rat06, p. 49]) gives
(sin asin B) € 4 (sin asin B) e 7™ = 2 (cos e cos B + cosy) €°, (4.2)

where ¢ > 0 and sinasinf € A — {0}. Whether or not the algebraic num-
ber cos a cos 8 + cos~y vanishes, the Hermite-Lindemann theorem applied to (4.2)

implies ¢ ¢ A. The proofs for a and b are similar. O

On the other hand, the results in this note do not hold for arbitrary constant

curvature. In a plane of constant Gaussian curvature

2
K=— (cosh*1 (1 n \/5)) ~ —2.3365.. .,



RATIONAL ANGLED HYPERBOLIC POLYGONS 9

a regular triangle with angles of radian measure /4 has unit side lengths.

Similarly, in a sphere of constant Gaussian curvature

2

K:%m2.4674...,

a regular right angled triangle has unit side lengths.
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